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1 Reduction

Let h : X — R? be a possibly randomized target function we wish to learn. In multiclass problems, we
assume that h(z) € {ey,...,eq}, so Eh(z) € A% in multilabel problems, we assume that h(z) € {0,1}¢, so
Eh(z) € [0,1]%. We are interested in reducing the problem of learning the vector-valued function h to the
problem of learning a collection of scalar-valued functions.

Let C = [c1]...|em]T € R™X4 be our coding matrix (so each ¢; € R?), for some m < d. We create
m regression problems; the label of z € X in the ith problem is (¢;, h(z)). The regressor b} with least
mean-squared-error for the ith problem is defined by b} (z) = E(c;, h(z)) = (¢;, Eh(x)). Let b* : X — R™ be
the vector-valued regressor defined by b*(z) = [b%(x),...,b%,(z)]T = CEh(x).

2 Recovery for invertible C
If C € [-1,+1]4%? is invertible, then we can recover Eh(x) from b*(z) by taking
C™'*(z) = C7'CEh(z) = Eh(z).
Given regressors by, ..., by, we are interested in the performance of the vector-valued regressor C~'b defined

by C~1b(z) = C~1[by(2),...,ba(z)] .

2.1 Generic regret statement for invertible C
Consider any regressor b : X — R?. Then the regret of C~1b is
E.|C™'b(z) —Eh(z)[3 = E.[|C™"(b(z) - b"(2))3.

We would like to bound this quantity in terms of the average (scaled) regret of the b;, i.e. in terms of
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ri = E, (M) and B; = mgx(ci,h(x»—rnmin<ci7h(x)>.

2.2 One-against-all reduction
If C = C~! = I is the identity matrix, then the regret of C~1b is
E.|C7 (b(z) = b"(2))]3 = Eullb(z) —b"(2)|l3.

If B; < B for all 4, then the regret is bounded by dB?7. If ||h(7)|s < 1 (e.g. in multiclass and multilabel
problems), then B < 1.



2.3 Hadamard reduction

Let C € {#1}%*¢ be the Hadamard matrix. The singular values of C are all v/d, so ||C |3 = 1/d. Therefore
the regret of C~1b is

E.||C7 (b(x) = b (@)]3 < 1CTH3 Eaollb(z) = b*(2)[3 = %Emllb(w)—b*(m)\\%

If B; < B for all i, then the regret is bounded by B?#. If ||h(z)||1 < k (e.g. in k-sparse multilabel problems),
then B < 2k.

2.4 Ridge regression

Suppose X = RP and we use ridge regression to learn the b, = (E[me] + )\Ip)*lﬁ[ﬂh(gﬂ),ci)]. Then
b= (Elzz "] + A,) 'E[zh(x)T]CT. The prediction on a new point Tyey is

C ™ 2w = C'CE[zh(z)T])T (BlzzT] + AL)  new
= Elzh(z)"]T (E[zz] 4+ M,) " Znew-

Thus the predictor is the same as the one learned using ridge regression but without the reduction.



