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Abstract

We investigate alternative notions of approximation for poblems inside P (deter-
ministic polynomial time), and show that even a slightly notrivial information

about a problem may be as hard to obtain as the solution itselfFor example,
we prove that if one could eliminate even a single possibylifor the value of an
arithmetic circuit on a given input, then this would imply that the class P has fast
(polygarithmic time) parallel solutions. In other words, his would constitute a
proof that there are no inherently sequential problems in Ryhich is quite unlikely.

The result is robust with respect to eliminating procedurethat are allowed to err

(by excluding the correct value) with small probability.

We also show that several fundamental linear algebra prolohs are hard in
this sense. It turns out that it is as hard to substantially reluce the number of

possible values for the determinant and rank as to compute ¢m exactly.

Finally, we show that (in some precise sense) randomness d¢a nontrivially
substituted for nondeterminism in space. Although it is bedved that randomness
does not give more than a constant factor advantage in spaceeo determinism,
it is not even known whether it is no more powerful than nondetrminism. We
will show that the latter is true for a restricted version of pobabilistic logspace,

where the error is potentially larger than what can be achi@d by ampli cation.
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1 Introduction

We shall start with a playful problem (a game, in fact). Suppse that you were
given a question and asked to nd the answer to it among a humbef possible
answers. Thankfully, you have an option of asking for someaarrect answers to
be eliminated leaving you with the correct answer and some amg ones. Would it
make your task much easier? What if only a single possibiligan been eliminated?
We will see natural problems whose complexity drops dramaally, even if the
help is so (seemingly) insigni cant. For example, we will mve that if one could
eliminate a single possibility for the value of an arithmet circuit on a given
input (over some nite eld), then this would constitute a proof that there are no
inherently sequential problems in P. Thus excluding a singlpossibility in this case
is as hard as nding the correct value (unless all of P can be eiently parallelized,
which would be incomparably more interesting, but is probdi false). Moreover,
the result is robust with respect to eliminating procedurethat can make mistakes

by excluding the correct value, with small probability.

With some insight, the task of excluding candidate answersan be viewed as
a certain notion of approximation. Indeed, the correct anser is approximated
with a nontrivial subset of possibilities. Hence the aboveesult can be viewed as
showing that the circuit value problem is hard to approximae (with respect to

this notion). We will also see that many linear algebraic prolems are hard in



this sense: For example, it turns out that it is as hard to suldantially reduce the
number of possible values for matrix rank as to compute it extly. Likewise, for

the determinant and the wealth of problems reducible to it.

This suggests a natural question: What exactly is an appraxiation? An
approximate solution is generally understood to be a solatn that comes close to
the correct one, in some sense. This is only natural. It is nohat clear, however,
what the natural de nition of \coming close" is. The traditi onal meaning of
\close" is \within some constant relative factor”; substartial research has been
done on giving approximation algorithms with such a guaramete, or showing that
a problem is not only hard in its exact version, but is also harto approximate,
in this sense. If a problem does not lend itself to such an agpimation, does
it mean that it is inherently hard? Can it still be easy to appioximate in some

other, equally natural sense?

For example, consider the problem of deciding whether a givggraph has a
clique on a fth of its vertices. Thus, for anyn > 0, we want to acceptn-node
graphs that have a clique of orden=5, and reject the ones that don't. What is an
approximate solution in this case? Would we rather accept amnode graph whose
maximum clique order is close tom=5 (say no less tham=10), and reject otherwise;
or rather accept a graph that is close to some-node graph with a clique of order
n=5, while rejecting if it has to be substantially modi ed to g& any such graph?
In other words, would we rather have a graph whose cost (malkeue) is close to
being optimal, or a graph that is close to a graph with an optiral cost? We will
just say that the rst approximation task is NP-hard [Ha99], while the second can
be solved in time independent of (depending only on the parameter quantifying
\signi cantly") [GGR98]. Notice that the above question can be seen as asking
whether we want our approximation to be a function of the outpts or a function
of the inputs. We will return to this discussion later once werobe the de nition

of approximation.



Even if a problem has a feasible approximation in the traditinal sense (for
example, a polynomial-time constant approximation schemesuch approximation
may be of little use. The focus has shifted from approximatgqmhard functions to
approximating very basic properties of the inputs: The mairdi culty is to deal
with the immense size of the instances and (therefore) reistied access to them. It
is often infeasible to even read the input (or any signi canparts of it). Decisions
must be made based on seeing a small (often random) part of timput, and such

decisions must generally be approximations of some kind @uof di erent kind).

In the case when the problem is still interesting by itself (@ not just by
the fact that it has to be solved on huge instances), we may wato examine
how di cult it is to obtain even a slightly nontrivial advant age over guessing in
solving it. Recall the example in the beginning of the introdction, where we
merely wanted to eliminate a single possibility for the sotion. And curiously,
even such seemingly weak piece of information may be as haaddbtain as the
solution itself. Another question may be of comparative natre: Given several
instances, how hard is it to make any meaningful statementdaut their relative

likelihood of being the solution?

Such alternative notions of approximation are of great vaki First of all, there
does not seem to be the right notion in some absolute sensee mtion can deeply
capture the nature of an approximate solution in one problerand be irrelevant
in another. Equally importantly, a problem that is hard to approximate in one
sense, may nonetheless be simple in some other, equally natand useful sense.
The notions may complement each other, yielding insightfudonnections between

di erent aspects of computation.

Central to the thesis is the concept of enumerability, intrduced by Cai and
Hemachandra [CH89]. Arenumerator for a function f is a procedure that reduces

the number of possible values df on a given inputx by enumerating a short list



of possibilities forf (x). This yields a certain notion of approximation: instead of
restricting the range of a function value to an interval, an Bumerator restricts it

to a small set.

Summary of the thesis Chapter 2 de nes basic concepts and introduces some

of the notation and terminology.

In Chapter 3, we investigate the relationship between the pperties of being
enumerable and being inherently sequential. We show that R is enumerable,
then P collapses to NC. In particular, if one could eliminate single possibility
for the value of an arithmetic circuit on a given input (over sme nite eld), then
P collapses to NG, modulo the complexity of the eliminating procedure. Thus
one cannot eliminate any such possibility in NC without shoimg that all of P is
e ciently parallelizable. We also give a deeper collapse d® all the way down
to NC! in the case when the characteristic of the ground eld is su éntly large

(alas under a stronger elimination hypothesis that depends the characteristic).

In Chapter 4, we investigate the complexity of enumerative gproximation
of two fundamental problems in linear algebra, computing # rank and the de-
terminant of a matrix. We prove that both are as hard to approxmate (in the
enumerative sense) as to compute exactly. In particular, wehow that if there
exists an enumerator that, given a matrix over some nite etl, outputs a list
of constantly many numbers, one of which is guaranteed to bé&ed rank of the
matrix, then it can be determined in AC° (with oracle access to the enumerator)
which of these numbers is the rank. Thus, for example, if thenemerator is a
logspace function, then the problem of computing the rank is logspace. For the
determinant function we establish the following two resufi: (1) If a logspace pro-
cedure could reduce the set of possibilities for the detemaint of a given integer
matrix to polynomially many, then the determinant can be cormputed exactly in

logspace. (2) For any primep, if one could eliminate a single possible value for



the determinant modulo p, then the determinant modulop can be computed in
logspace. The notion of enumerability has been studied befo This is the rst

time, however, it is investigated for functions inside P.

In Chapter 5, we take an alternative, probabilistic look at he logspace play-
ground. We show that (in some precise sense) randomness canrontrivially
substituted for nondeterminism in space. Even though it is éieved that BPL
(bounded-error probabilistic logspace) is no more powetfihan deterministic
logspace, it is not even known whether BPL is contained in NLnpndetermin-
istic logspace). We show that this inclusion holds for a restted version of BPL,
where the error is somewhat larger than what can be achieveg bmpli cation.
Ampli cation can make the probability of error exponentialy vanishing in the
input length. In our restricted version, the erroris exponentially vanishing in the

input length, but the exponent depends on the running time ofhe machine.

Chapter 6 showcases another approximation task. This timeifdecision prob-
lems. The decision task is relaxed to distinguishing betwe¢he case when a given
element is in the set and the case when it is \far" from any eleemt of the set.
No behavior is required on elements that are close to some nimm of the set.
This yields a natural notion of approximation for decision ppblems, namely be-
ing close to an element of the set. (Recall the discussion aibdhe problem of
deciding whether a given graph contains a large clique.) Thnotion was de ned
by Goldreich, Goldwasser and Ron [GGR98] (and implicitly byRubinfeld and Su-
dan [RS96]). We consider the problem of testing, for any ingern > 0, whether a
set of vectors in GF(2) forms a subspace. Given oracle access to an unknown set
of vectorsS (i.e., the ability to ask whether a vector of our choice belays to S),
we are required to decide whethe§ is a subspace or is \far" from any subspace
(i.e., the membership of many vectors would have to be charhéo make S a
subspace). The goal is to minimize the number of oracle call§Ve show that

this number can actually be made constant, independent of ¢hdimension of the



vectors. This problem is closely related to the problem of $&ing linearity, and
the main result presented in Chapter 6 can be derived from knm results. Our
proofs are by no means superior. However, they were obtainedependently, and

we believe that Chapter 6 is still of interest.

All chapters are self-contained and can be read independint



2 Preliminaries

This chapter de nes basic concepts and introduces some oktimotation and ter-

minology we will need in the thesis. Further de nitions willbe given when needed.

Basic notation  We denote the setf 1;:::;ng by [n]. A set systemis a subset
of P(n), the power set of h]. We use the Boolean alphabet =f0;1g. As usual,

denotes the set of all nite-length strings over , and " denotes the set of
all strings of length exactlyn, for some integem 0. Here a string is a ( nite)
sequence formed from the elements of . A subset of is called alanguage(or
a set). For a languagelL, its characteristic function | : I'f 0;1gis de ned
as . (x)=1i x2L.

The number of elements in a seK is denoted byjXj. So is the length of
a string. There will be no confusion in either case. We will ghtify a subset
of X with its characteristic function on X. Then, under the identi cation X =
[n], a subset ofX is a string in " (called the characteristic sequenceof the
subset). Also, a set system oiX corresponds to a Boolean function o (X)
(or, equivalently, on "). We use the same notation both for the set and its

characteristic function.



using a xed, well-behaved pairing function extended to tujes (computable and

invertible in time and space a ordable in the context).

For a languagel , we let L denote its complement, the set of all strings in

that are not in L; and for a classCwe let coC= fLjL 2Cg

For all algebraic concepts, the reader is referred to one d@ésdard texts such

as [Lan02, LN94]. All logarithms are base 2, unless the bas®/s otherwise.

2.1 Models of Computation

We assume familiarity with the standard Turing machine mode encoding of prob-
lems as in nite languages over nite alphabets, standard cuoplexity classes, and
basic relationships among them. For this information the @&der is referred to
standard sources such as [Pap94a, HU79, HOO02].

We will spend most of our time inside P (deterministic polynmial time).
More formally, we de ne DTIME[t(n)] as the class of languages that can be de-
cided by a deterministic Turing machine running in timeO(t(n)). The class P is

« DTIME[ nk]. A classical problem complete for P is the Circuit Value Prolem.

Similarly, DSPACE[s(n)] is the class of languages decided by a deterministic
Turing machine in spaceO(s(n)). For the special case whers(n) = O(logn),
the corresponding class is L. We shall also write “Lfor DSPACE[log‘(n)].
NTIME[ t(n)] denotes the class of languages that can be decided by a netaimin-
istic Turing machine in time O(t(n)). If t(n) is polynomial in n, the correspond-
ing class is NP, the class of languages with short e ciently eri able membership
proofs. A typical NP language is SAT, the set of all satis al# Boolean formulas.
In fact, SAT is one of the most expressive languages in NP, ihg sense that its
instances can e ciently encode any problem in NP. (See Seon 2.2 for details.)
Not surprisingly, NSPACEJs(n)] is the class of languages decided by nondeter-
ministic Turing machines in spaces(n), with NL denoting NSPACEJ[logn]. A



problem characterizing NL is directed graph reachabilityGiven a pair of vertices
in a directed graph, the problem is to decide whether one isaehable from the

other.

We also de ne FP and FL, the functional versions of P and L resztively. A
function is said to be in FP if it is computable by some determistic polynomial
time Turing machine. FL is de ned analogously, with an asidehat the write-
only output tape does not participate in the space bound, sche output can be
polynomially long. The functions need not be total. All funtions considered in

this thesis are single-valued.

All the classes we consider are de ned in terms of construlste space and time
bounds. A functiont(n) is time-constructibleif there exists a deterministic Turing
machine that halts after exactlyt(n) steps for every input of lengthn. Similarly,
a function s(n) is space-constructibleif there exists a deterministic Turing ma-
chine that uses space exactlg(n) on every input of length n. Nonconstructible
bounds may lead to anomalies such as having an empty gap (i.eo languages in
existence) between (nonconstructible) time&(n) and time doubly-exponential in
t(n), just because there are no machines whose time bound is instigap. Also, if
t(n) is not constructible, then the class NTIMEf(n)] may depend on whether all
branches are required to halt withint(n) steps. For a time constructible bound,
the corresponding class remains intact. Most interestingdoinds are constructible.
The bounds that are not, are generally uninteresting with rgpect to understand-

ing the complexity of natural problems.

Two relationships among space-bounded classes are wortliyiote. The following
result suggests that nondeterminism is much less powerful the context of space

than it is in the context of time.

Savitch's Theorem ([Sav70]) NSPACE[s(n)] DSPACEJ[s?(n)] for any space-

constructible bounds(n) logn.
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A further evidence is given by the following astonishing (athe time) result.

Theorem (Immerman-Szelepcsenyi[lmm88, Sze87]) NSPACEJs(n)] is
closed under complement, whers(n) logn is a space-constructible bound.

In particular, NL is closed under complement.

We give a brief account of time and space hierarchy theorems.Hartma-
nis and Stearns [HS65] proved that for any time-constructib functions t(n)
and T(x) such that t(n)2 = o(T(n)), DTIME[ t(n)] is properly contained in
DTIME[ T(n)]. Hennie and Stearns [HS66] proved that the assumption cdre
weakened tot(n)logt(n) = o(T(n)). We also have hierarchy theorems for deter-
ministic space. Ifs(n) is space-constructible, then DSPACE(n)] is a proper
subset of DSPACE$§(n) logs(n)] [SHL65]. A hierarchy theorem for nondetermin-
istic time was rst proven by Cook [Coo073a], improved by Sesfas, Fischer, and
Meyer [SFM75] (and simpli ed by Zak[Zak83]), who showed tht NTIME[ t(n)]
is properly contained in NTIME[T (n)], provided that t(n + 1) = o(T(n)) and
t(n), T(x) are time constructible. We also know that space bounded cqmta-
tions are strictly more powerful than time bounded computabns. For any space
constructible functionf (n), DTIME[ f (n)] is strictly contained in DSPACE[f (n)],
due to Hopcroft, Paul, and Valiant [HPV77].

2.1.1 Circuits

We view circuits as computing functions rather than recogming sets. ABoolean
circuit with n inputs and m outputs is a nite directed acyclic graph with labeled

nodes, calledgates The n nodes with in-degree zero are labeled with input vari-

can be fetched from any non-input gate. Then nodes with no outgoing edges

are the output nodes. Every other node is labeled with a Bo@a function of its
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inputs (either _, ~, or: ). All : -gates have in-degree 1. We will make a distinc-
tion between boundedfan-in circuits (in which all gates have in-degree at most
two), and unboundedfan-in circuits (in which in-degrees of - and " -gates are not
restricted). The circuit computes a functionf,, : f0;1g" ' f 0;1g™ in the natural
way. A Boolean assignment to the input variables inductivgl (and uniquely) de-
nes the Boolean value of each gate. Theize of a circuit is the number of gates

in it, and the depthis the length of the longest path from an input to an output.

As usual, we are interested in computing instances of arbéry size, and thus
will de ne a family of circuits, in which the n-th circuit has g(n) inputs and h(n)
outputs, whereg and h are nondecreasing polynomially bounded functions. The
family computes the functionf i, for all n 0, the n-th circuit in the family

computesf restricted to inputs of length g(n).

Some natural functions are multi-valued, i.e., their valuen any given input
may not be unique. All functions considered in this thesis arsingle-valued. For
completeness, however, we follow Cook [Co085] in treatindumction as a family
of binary relations (a union over alln 0 of R, f 0;1g%™ f 0;1g"™, where
g and h are the size parameters of the function). A circuit family cmputes the
function i for each n 0, the function f, computed by the n-th circuit in the
family realizes the associated relation in the sense thatrfeachx 2 f 0; 199", if

Rn(X;y) holds for somey, then R, (x;f,(x)) holds as well.

Arithmetic circuits A natural circuit model for dealing with computations
over some algebraic structure~ is the arithmetic circuit taking elements and
constants ofF as inputs, and having gates for the arithmetic operations ev F;
all wires carry elements ofF. Any such circuit can obviously be described by a
string over a nite alphabet, provided that the constants ugd can be described
this way. When talking about arithmetic circuits, we will generally assume that

the output gate is unique, and thus a circuit withn inputs computes a function
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from F" to F. We shall takeF to be the nite eld GF( q) with q= p* elements.
We often write F, for GF(g). For nite elds, the representation of the function
computed by a circuit as a polynomial is not unique (sinca? = afor any a2 Fy).
Thus a circuit in fact computes a set of polynomials. If we wdnto compute
a polynomial in the ring F[xy;  ;Xn], we will only require that it is among the
polynomials computed by the circuit. We defer the discussioof how the elements

of F are represented until Chapter 3, where we actually use it.

For a perceptive comparison of the two circuit models (aritmetic versus
Boolean), see the expositions by Allender [AlI97b], von z@athen [vzG93], and

von zur Gathen and Seroussi [vzGS91].

2.1.2  Uniformity

Since we want to make circuit classes comparable to unifotralasses de ned in
terms of time and space, we need to place uniformity restrioihs on circuit fami-
lies. Without such restrictions, one would be allowed to irest unbounded amounts
of computation in the construction of every circuit in the family, and we quickly
get to such anomalies as polynomial-size circuits that comfe undecidable lan-
guages. For our purposes, it will be su cient to use logspaagniformity, meaning
that there exists a logspace machine that, on input"l generates a standard en-
coding [Ruz81] of then-th circuit in the family. When dealing with arithmetic
circuits, we also require algebraic constants to be uniforntiner (and, with some
insight, more thought out) notions of uniformity exist, bagd not on the e ciency
of constructing the circuit but on the e ciency of answering certain question
about it, but these notions are irrelevant here. For a detagld treatment of uni-
formity, the reader is referred to the papers by Ruzzo [Ruz8land Barrington

and Immerman [BI97]. Uniformity issues for arithmetic ciraits are discussed by

1By uniform we mean that there exists a single machine solvinghe problem on all instances.
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Eberly [Ebe89] and von zur Gathen [vzG86]. If uniformity is at stated explicitly,

we mean logspace uniformity.

2.1.3 Circuit Classes

For k 0, the class NC is de ned as the class of all functions computable
by (logspace uniform) polynomial-size, bounded fan-in Béan circuits of depth
O(log“n). The class AC is de ned as the class of all functions computable
by (logspace uniform) polynomial-size, arbitrary fan-in Bolean circuits of depth
O(log“ n). In order to de ne threshold circuits, we need majority gaés. A ma-
jority gate outputs 1 if and only if at least half of its inputs have value 1. The
class TCX is de ned as the class of all functions computable by (logspa uniform)
arbitrary fan-in Boolean circuits composed entirely of mayrity gates; again, the
circuits are of polynomial size and deptfD(log n). In the casek = 0, the depth

(which corresponds to parallel time) is constant.

An important note is in place. We do not make a distinction betreen circuits
computing functions and circuits deciding languages. Thuse will allow ourselves
to compare the above circuit classes to both language and tition classes. There
is a bold (and common) type abuse, but it will cause no confusi. Here is the
interface: A functionf :f0;1g !f 0;1g is said to belong to one of these classes
i the set A¢ = fhx;iij the i-th bit of f (x) is 1g belongs to the class and is
polynomially bounded. In the other direction, a language is one of these classes
i its characteristic function is in the class. This consideably simpli es notation.
Notice that NCP is uninteresting as a language class, since the output gatanc
depend only on constantly many inputs; it is interesting, haever, as a function

class.

The class NC is the union of NEfork 0. The classes AC and TC are de ned
similarly. It is easy to show that, for anyk 0, NCK ACk TCK NCK7?,
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Thus NC = AC = TC. Only one inclusion (besides the trivial NC°  AC°) is
known to be proper, namely A€  NC!. (Actually, a stronger separation is
known, namely AC is properly contained in ACC, a subclass of T€.) Almost
no lower bounds are known for classes above $.CFor all we know, TC® (let
alone NC) may be the same as NP. Again, a number of di erent lower bound
techniques are known for AE. (See, for example, [FSS84, ls87, Ajt83].) This is

one of the reasons why TEis interesting.

We catalogue a few facts. A€ can add and subtractn-bit numbers. There
are (strikingly) deep connections between circuit classesd algebra, with prob-
ably the most shocking result being that N& captures exactly the computations
over nonsolvable algebras [Bar89]. NCalso captures exactly the complexity of
basic logic calculations. For example, the problem of evalting a Boolean for-
mula on a given assignment is complete for N@inder AC° computable many-one
reductions. (See Section 2.2 for de nitions.) T€captures exactly the complexity
of integer multiplication and division. (A recent breakthrough [Hes01] (see also
[ABHO1]) showed that division is complete fodlogtime  -uniform TC®, a more
restrictive version of TC® alluded to above. Completeness here is in respect to
ACP°-computableTuring reductions; TC® is not known (or believed) to have prob-
lems complete under Aé-computable many-one reductions.) In some sense, the
question of whether NC is equal to TC® can be viewed as asking whether basic
arithmetic operations are as hard as basic operations in ieg There is another
good reason to be interested in TE As we will see in a later section, it has a

close connection to the counting hierarchy.
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2.2 Reductions

A problem A reducesto a problemB if A can be computed usind@ as an oracle.
This tells us that B is at least as hard asA (or, on the brighter side? that A

is no harder thanB), modulo the complexity of the reduction. Of course for
the reduction to be interesting, it actually has to be easieto solve A with B's

help than without.® Furthermore, the reduction itself must be computationally
bounded to be meaningful: If a reduction yields a solution td, it should not be

due to signi cant computations hidden in the reduction its¢f. Thus we will at

least require that our reductions are weaker than the best kavn computation for

A.

We will consider various types of reductions depending on ¢hform of oracle
access and the computational power of the reduction. Eachdwcibility notion
de nes an equivalence relation on the set of problems: Theske restrictive the
reduction, the larger (potentially) the classes it yields.Most complexity classes
de ned in terms of abstract models of computations, have chacterizations as
classes of problems reducible to some natural problem undeicertain notion of
reducibility. For example, a perfectly good alternative wg of de ning NP is as the
class of sets polynomial-time many-one reducible to SAT, ¢hset of all satis able
Boolean formulas. It is striking that these representativgproblems capture the

nature of abstract computational notions in such a clean (ahdeep) way. In fact,

2Amusingly enough, there is also a bright side to hardness. Quputationally hard problems,
if we can put our hands on one, give pseudorandomness and crggraphy. We will not deal
with this side of randomness here. Since we do not know how torpve any explicit problem to
be hard, reductions provide us with a useful tool for showingelative hardness, hardness relative

to other problems that are more rmly believed to be hard.
3This is not entirely true. A result saying that A retains its complexity when armed with B, is

interesting, as says something about the type of informatim that cannot increase the computa-
tional power of A. The notion of lowness, introduced into complexity theory by Schening [Sch83],

provides a formal way to discuss such questions.
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a number of complexity classes were originally conceived asclosure of some
natural problem under a certain type of reducibility. And, n most cases, these
classes were later shown to have interesting structure (fexample, unexpected

alternative characterizations) that justi ed their de ni tion.

For most natural problemsA and B, if A reduces toB under some reducibility
notion, it does so regardless of the notion being used. We hgke some exceptions,
however. For example, for all we know, the class of functioléC*-reducible to the
determinant may be di erent from the class of those reducilel within AC°. We
have already seen another example: P@s not believed to have complete problems
under AC® many-one reductions, yet it has natural problems completef it under
less restrictive AC Turing reductions (integer division for one). This standsn
striking contrast with the fact that such classes as NEXP, oeven EXPSPACE,
have complete problems under AEmany-one reductions; again, problems that

TCP seemingly lacks.

But rst we need to formally de ne the computations that get help from an
oracle. Once we have them at our disposal, we can de ne vargueducibility

notions.

2.2.1 Oracle Computations

Since the only computational models that we essentially usge Turing machines

and circuits, we only de ne oracle computations in these madks.

Oracle Turing machines An oracle Turing machine is an ordinary Turing
machine equipped with a special one-way oracle tape and twoesial states: the
query state and the answer state. LeB be some oracle. We will generally allow
B to be any function, languages treated as Boolean functiongVith some abuse

of terminology, we will not only reduce sets to sets, and futions to functions,
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but we will also speak of reductions from a function to a set,na conversely. We
will, however, be particular about the details of all reduabns we consider. As a

general rule, we think in terms of functions, treating setssaBoolean functions.

The oracle machine proceeds with its computation as an ordiry Turing ma-
chine until it reaches the query state. When it does so, the otents of the oracle
tape is interpreted as an instance oB, and is instantaneously replaced by the
value of B on that input (erasing the query string). At the same time, the head
of the oracle tape is reset to its initial, left-most positia, after which the oracle
machine enters the answer state. The answer state marks theipt when the
machine can start using the contents of the oracle tape in itsirther computa-
tion. The machine is charged for resources the same way it idwbe if it were
oracle-less (with some technical provisos to be discussed@hat is, the oracle tape
is not subjected to the space bound. The machine, however,asarged for the
time it takes to submit its queries and read answers from theracle, as well as for

the workspace used in constructing the queries.

When the machine has oracle access ®, we say that its computation is
relative to B. All complexity classes that we de ned in terms of machinesan be

relativized. A crucial point is how.

There is no generally accepted de nition of (sublinear) sg®-bounded oracle
machines; there does not seem to like right way to de ne them, and there are
some nontrivial delicacies involved. On one hand, if a spabeunded machine is
charged for the space it uses on the oracle tape (i.e., if theaole tape is also
subject to a sublinear space bound), then we quickly get su@bnormalities as
sets trivially not reducible to themselves just because tlyedo not have enough
space to write down their queries. On the other hand, if the acle tape comes for
free, then it can be dishonestly used as a workspace, bypagsthe space bound.
For example, there are oracle worlds (under this de nition)in which NL is not

even in P. (See [LL76, Lyn76, Sav83] for these and other abnwlities.) Ruzzo,



18

Simon, and Tompa [RST84] proposed a notion of oracle accessttavoids the
most obvious such pitfalls, and this is the notion we adopt lme. Briey, the

oracle tape is not subjected to the space bound, but the oracmachine (be it
nondeterministic or probabilistic) is required to behavaleterministically when it

generates queries. That is, from the time some symbol is wah on the oracle
tape, the machine has to proceed deterministically until itactually makes the
oracle call. This prevents the oracle machine from reachiragydoubly-exponential
in the space bounds(n) number of con gurations, since only exponentially many
in s(n) queries can be asked over all computation paths of the mankion a given
input. (Indeed, each query depends only on the input stringrad on the machine's

con guration when it starts writing the query.)

The question of how to de ne time-bounded oracle machines much less
ambiguous. Although, as discussed in [AlI90], there are sensubtleties in this
case as well. However, our original de nition of oracle maotes will serve us here

just as well.

Oracle Circuits In order to de ne circuit-based reductions, we need the nain
of oracle circuits. Since we view circuits as computing futiens rather then
recognizing sets, we will use Cook's generalization of Wilss model [C0085,
Wil85]. In this model, circuits are allowed to have oracle dgas, in addition to the
usual gates. An oracle gate takes an ordered list binputs, naturally interpreted
as a query string. The sequence & ordered outputs corresponds to the value
of the oracle on the query string. For the purpose of de ning &pth in bounded

fan-in circuits, the oracle gate counts as deptdog(r + s)e.

If Cand D are complexity classes, an@ is de ned in terms of Turing machines or
circuits, let C° denote the complexity class that results from allowing the achines

(respectively, circuits) that de ne Cto use an oracle fronD.
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2.2.2 Reducibility Notions

We will use only deterministic reductions.

We write A B to denote that a problemA reduces to a problenB. Thus
A is no harder thanB, modulo the complexity of the reduction. The more com-
putationally powerful the reduction, the weaker this statenent. The power of the
reduction is determined by the type of oracle access and byelcomputational

complexity of the reduction.

The most restrictive type of oracle access we will considasrecesponds to many-
one reductions. Amany-onereduction (denoted ;) is a reduction which makes
only one oracle query and outputs the answer to that query atsiown answer. In
the case wherA and B are sets, a many-one reduction is a many-one mappihg
such that for any input x, x 2 A if and only if f (x) 2 B. If A and B functions,
the reduction typically consists of two parts: a partf mapping instancesx of A
to instancesf (x) of B, and a part g recovering from the answely of f (x) the
answerg(y) of x. Often g is just the identity function; if it is not, the reduction
still makes one oracle query, but it is allowed some computah before it has to

output its answer.

A truth-table reduction ( ) is allowed to ask several queries but all must be
asked before any of them is answered, i.e., no query can deppen the answers to
the previous queries. We may assume without loss of genasalihat all queries
are asked at the same time. The reduction is then allowed tommbine the answers
in an arbitrary way (within its computational power) to produce its own answer,
but it is not allowed to make any further queries. A bound on tle number of
gueries can be made explicit in the notation as a pre x to tt. Br example, if the
reduction makes at mosf (n) queries on inputs of sizen, we denote it by ¢ (n).-« -
We will distinguish boundedtruth-table reductions (denoted ) as reductions,

in which the number of queries is independent of.
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The least restrictive areTuring reductions ( ). In fact, there is no restriction
on how the queries are asked. The query construction is fulgdaptive. We
will also write C(f) to denote the class of functions Turing-reducible td via

C-computable reductions, whereC will typically be a circuit complexity class.

The computational complexity of a reduction is indicated aa superscript to
Access types and computational bounds can be combined in thatural way. Of
course, we de ne reductions only for classes for which we ded relativization.
We will occasionally simplify the notation and write G-reducible to mean -
reducible, whereC will typically be a circuit complexity class. All the reductions
we consider are transitive, thatisifA B andB  C under any of these notions,
then A C. For a much better treatment of reductions, the reader is refred

to [HOO02].
A problem B is said to behard for a complexity classC under reduction ,

if every problem inCreduces toB under .. If B itself is in C, then B is called

completefor Cunder . The closureof Cunder  is the set
R(CQ=fLj(9A2C)L | Alg:

If C R;(O), the classCis said to beclosedunder . It is worth emphasizing
that if the class Cis closed under , and C D for some clasD, then for any
D-complete problemB (under ),B 2D i C= D. Some closures are worthy of
note. In particular, the classes N& (for any k 1), FL, FP are all closed under

NC? reductions.

2.2.3 Counting Classes

The class #P is the class of functions de nable as the numberf accepting com-
putation paths of a nondeterministic polynomial-time Turhng machine [Val79b].
Thus a function f : I' Nis in #P i there exists an NP machine M such

that f (x) = #acc y (x) for all x 2, where #acqg, (x) denotes the number of
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accepting computation paths ofM on input x. The class #L, rst considered in
[AJ93Db], is de ned similarly, but for nondeterministic logpace machines. Notice
that both are classes of functions. If we need a language dawe will talk about
P*P and L*L. It came as a shock when Toda [Tod89] showed that the polyno-
mial hierarchy PH is contained in PP. In fact, he showed a seemingly stronger

inclusion, namely PPH p*P

, Wwhere PP is the class of languages accepted by
NP machines with the property that any string is in the languae if and only if
more than half of the paths are accepting. It is easy to see thR™® =P* | e,
knowing the highest order bit of a #P function is as powerful a knowing all the
bits. The class #L, on the other hand, is much less powerful: # TC'. One
of the most important results about #P is that it characterizes the complexity
of computing the permanent of integer matrices [Val79b]. Itook more than a
decade to nd out that there is an equally close connection heeen #L and the
determinant [Tod91, Val92, Vin91, Dam91]. Since the deternmant of integer ma-
trices can take on negative values, the determinant is in facomplete for GapL,
the class of functions that can be expressed as the di erencétwo #L functions.
A function f is in GapL if and only if f is logspace many-one reducible to the
determinant. As noted in [AO96], the determinant and #L are &en more inti-
mately related than the permanent and #P in the sense that thedeterminant is
complete for GapL under a more restrictive notion of many-areducibility, in
which the part that recovers the value of a GapL function on aigen input from
the determinant of a matrix this input was mapped to, is the ieéntity function.
The permanent, on the other hand, is provably not complete fa#P (or GapP)
under such restrictive notion, unless of course P =P, since the permanent and
the determinant are the same mod 2. Here P is another counting class, the
class of languages accepted by NL machines where the de oitiof acceptance is
de ned by the parity (i.e., the least signi cant bit) of the number of accepting
paths [GP86, PZ83].
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GapL was studied as the logspace analog of the class GapPyaatuced by Fen-
ner, Fortnow, and Kurtz [FFK94], and independently by Gupta[Gup92, Gup95].
(See Ogihara and Hemaspaandra [HOO02, p. 106-108] for a histal review.) One
of the reasons for de ning GapP was to study classes @nguagesthat can be
de ned using gap functions, functions expressible as a di erence of two #P fuc-

tions. We will be more interested in the logspace analogs dfese classes.

A languageA is in PL i there exists a GapL function f such that for any
x2 ,x2Ai f(x)> 0. Itfollows immediately that the set of integer
matrices whose determinant is positive is complete for PL.hE class PL is better
known as the class of languages computed by an unbounded enpoobabilistic
logspace Turing machines, a logspace analog of PP de ned abo Some facts:
PL is in TC* (which follows from [BCP83]), and the machines can be resttied
to run in polynomial time with no loss in power [Jun85, AO96]. In contrast,
such a restriction seems to have a drastic a ect on the poweirf boundederror
probabilistic logspace. Without it, one gets a full power ohondeterminism for
one-sided error, and a class potentially more powerful thedL, when the error
is two-sided. We defer the discussion of probabilistic cleess to Section 5, where
we investigate the relationship between NL and probabiligt logspace classes.
From the above discussion it follows that PL is closed undeomplement. This
had already been known by the time these results appearedrif8ilb, RST84].
Although knowing the highest order bit of a #P function is as pwerful as knowing

all the bits, this does not seem to be true for logspace. (SeA(96].)

Another related class is CL [AO96], which is the set of all language# for
which there exists a GapL functionf such thatforallx2 ,x2 Ai f(x)=0.
An immediate alternative characterization is in terms of \&@act counting”: A is
in C-L i there exists an NL machine M such that for all x 2 , X 2 A
the machine has the same number of accepting and rejectingtips. on x. This

class captures exactly the complexity of the set of singulanatrices, a far more
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interesting set than, say, the set of all matrices whose detsinant is positive. The
polynomial-time counterpart of C_L, denoted by C P, is due to Simon [Sim75]

and Wagner [Wag86a].

Allender and Ogihara [AO96] observed that, even though for ost natural
problems the closures under A&and NC* (Turing) reductions coincide, this does
not seem to be apparent for the determinant. This (among otlmehings) motivated

the de nition of the following hierarchies:

C-L
The exact counting logspace hierarchy @ [ C_L&L[ c.L&t =
AC’(C-L)

Allender, Beals, and Ogihara [ABO99] showed that ACand NC*
reducibilities coincide on CL. Furthermore, the hierarchy col-
IC-L.

lapses to it collapses all the way down to CL if and only

if C-L is closed under complement.
PL
The PL hierarchy PL[ PLPL[ PLPL [ =ACO(PL)

Ogihara [0gi98] showed that the PL hierarchy collapses to PL
under AC® (in fact TC°) reductions, which was improved to N&

reducibility by Beigel and Fu [BF97].
The #L hierarchy L [ L*L[ L*Y"" = ACO®#L) = AC (Det )

It is not known whether the #L hierarchy collapses to any xed
level, or whether AC(#L) = NC (#L). The latter would imply
the collapse [All97a].

Analogous hierarchies de ned in the context of polynomialime all coincide with
PP
the counting hierarchy PP[ PPPP[ ppPP [ . Indeed, PP trivially contains

C_P,and PP C_-P%“P due to Toan [Tor91]; and we have already seen that
P# P =P PP.
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Why are these hierarchies interesting? First, they (or theibase classes) pre-
cisely characterize the complexity of many natural problesn[Wag86a, ABO99,
Co085]. The counting hierarchy also has strong connectiomsth threshold cir-
cuits. The intuition is that levels of the counting hierarcly roughly correspond
to circuit depth; moreover, oracle separations for leveld counting hierarchy are
equivalent to real circuit lower bounds; the equivalence, however, is not exac
The reader is referred to an excellent survey by Allender antagner [AW93]. As
a motivation, we just mention a concrete example: Constructg an oracle sep-
arating PSPACE from the counting hierarchy is the same prokin as separating
TCP from NC!. In fact, one of the motivations for studying logspace couirtg
hierarchies was the hope that they might help in understandg the power of
threshold circuits [ABO99]. No interesting connection habeen found; the struc-
ture of counting hierarchies in the context of logspace seeno be di erent from
the counting hierarchy in polynomial time. In particular, there is little reason

why the three logspace counting hierarchies should be thensa [ABO99].

To summarize, we have the following sequence of inclusions.

2 3
ACO(C-L)

AC® TC° NC! L NL ENCl(CzL)z PL ACO#L) NCL) TC?
LC-L

Notice that all the questions we discussed are essentialljueezed between NE
and TC®. No relationship to AC! is known (besides the easy NL AC' TC?).

It is worth noting that #P and #L (as well as other counting cla sses) have
characterizations in terms of uniform arithmetic circuits obtained by arithme-
tizing Boolean circuits that characterize NP and NL. (Althaugh NP and NL are
typically de ned in terms of Turing machines, they have chaacterizations in terms

of uniform Boolean circuits.) This arithmetic side of #P and#L will be of no
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interest to us, but we refer the reader to a survey by AllenddAll97b] as a starting

point.

We remark that the treatment of counting classes presentedele is by no
means comprehensive. It contains a selection of results tha intended to serve
as a ground for upcoming discussions. Credit was not giveneeywhere where
it was due. In particular, almost no historical account was igen. The reader is

referred to far better presentations cited in the section.

2.3 Approximation Notions

In this section, we probe what constitutes an approximation Conceptually, it is

the most important section of this chapter.

An approximation of a function f mapping from a setD to a setR, is a
function that maps elements of the domairD to subsetsof the rangeR. If f
is a Boolean function (better thought of as a subset dD), then we de ne its
approximation as a function mappingD to subsets of itself. All functions that we

consider are single-valued.

Given a functionf , we consider gamily of approximationsfA; g o, param-
eterized by the error parameter . It would be natural to expect that the set
output by A:. on input x contains f (x), and that Aso = ff(x)g. Moreover,
the set As. (x) must \come close" tof (x) in some sense. Notice that we require
that the set as a whole does so, not necessarily every elemeftit. We call
At. (x) the -approximation setof x with respect to f. We think of Az as a
procedure that givenx reduces the set of possible values fbx). We generally
expect that if ; < ,, then A: , is more ambiguous thanA;. , in that it ex-
cludes fewer possibilities for the value df on any given input. We will see that

some well-known notions of approximation have a further pperty that, for any



26

X, Ar. ,(X) At ,(X) whenever ; < ,. We will also see notions that do not have

this nesting property.

One important remark is in order. Notice that an approximaton so de ned is
a function of the input, not the value of f on that input. A rightful question is
why: after all, it is the value of f that we want to approximate. Thus it seems
that this value alone should determine what it means to comelase to it, yet
we will see that in some natural approximation notions the ggroximating set is
indeed a function of the input: two inputsx and y with f(x) = f(y) can have
very di erent approximating sets. Moreover, we will see cas when one would

explicitly want an approximating set for x not to depend onf (x).

Needless to say, we expect an approximation to keasier (in some computa-

tional sense) than the function it approximates.

Interval Approximations

We use this term to refer to what is commonly understood by appximation,
mostly in the context of approximating NP-hard optimization problems. An ap-
proximate value in this case is a value that is within some fé&@r from the truth.

This essentially restricts the set of possible values fér(x) to an interval (there-
fore the name). The size of this interval is a function of (x), and thus if f (x)
is exponentially large injxj, then so is the interval. Thus the smallerf (x), the
less ambiguous the approximation. One can imagine situati®e where it is not
desirable to have an approximation algorithm that favors soe inputs by being

exponentially less ambiguous on them.

Interval approximations come in di erent versions. The fdbwing are the two
most common. As a rule, functions for which these approximain are consid-
ered, have metric domain and range. Otherwise, restricting an interval is not

particularly meaningful. Since this notion of approximaton is used primarily in
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approximating optimization problems, we will assume thaD = (the set of

input instances) andR is either R or N.

Relative approximation Given the error parameter 0 < 1, the approxi-
mating setofx 2 D isA;, X)=fy2Rj(1 )f(xx) vy @+ fXag

Ratio approximation Given the error parameter 0 < 1, the approximating
setofx2DisAr (X)=fy2Rj(1 H)f(xx) y f(xX)=(1 )o:

There is also a stronger notion, calledbsoluteapproximation. Fixing a constant
k > 0, the interval for input x 2 D is given byAsx (X) = fy2 Rjjy f(x)] kg
But how many problems lend themselves to such strong appraxation guaran-
tees? It seems that there is no interesting problem that doesUninteresting
problems are those where the exact value can be easily pinrgalvn to a small
range, and the hardest part is to nd which one of the values ithis small range
is exact. A typical example is edge coloring: the problem i®tcolor the edges of
a given graph with the smallest possible number of colors soat no two adjacent
edges have the same color. It is known that the number of cofois either or
+1, where is the maximum degree of the graph. (See, for exanple, [MR95].)
It is NP-hard, however, to decided which one of the two is theotrect number for
a given graph, even if the graph is 3-regular. Thus the probte trivially has a

polynomial time approximation algorithm with absolute eror at most 1.

Enumerative Counting

The notion of enumerability was introduced by Cai and Hemaandra [CH89], who
were motivated by investigating alternative ways to approknate #P functions.
Instead of restricting the range of a function value to an irgrval, they considered

restricting it to a small set.
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De nition 1  [CH89] A k(n)-enumerator for a function f : ! Is a pro-
cedure that reduces the set of possibilities for the value 6fon any given input
X 2 by enumerating a list ofk(jxj) values guaranteed to contairf (x) (thereby

eliminating the rest of the values).

Notice that the number of values on the list depends only on thsize of the input;
in particular, it does not depend on thevalue of the function on that input. Thus,
even if the range is exponential, the enumerator still outgs an equally short list
for every input of the same length. Clearly for such a procedeito be interesting,
it has to do more (or rather, less) than simply computd (x) and include it in
the output. Thus we stipulate that enumerators require lessomputational power
than the functions they enumerate. If a functionf has ak-enumerator, we call it

k-enumerable We emphasize that the sefis a wholeapproximatesf (x).

Enumerative counting makes sense in a more general contextem there is no
natural ordering on the range of the function, and thus resicting the value to
an interval is not particularly meaningful. Such an approxination, however, does
not satisfy a natural nesting requirement mentioned abovelt is neither strictly

stronger nor strictly weaker than relative interval approxmations.

The alert reader may have noticed a super cial connection bgeen the enu-
merative and absolute approximation: They share uninteréag problems, prob-

lems whose exact value can be trivially pinned down to a smaknge.

Cai and Hemachandra [CH91] (see also Amir, Beigel, and GaslafABG90])
showed that if a #P-complete function is poly-enumerable impolynomial time,
then P = P*P . Thus it is as hard to substantially reduce the number of pogse
values for the permanent as to compute it exactly. In Sectio, we show that a

similar result holds for the determinant as well.

Beals et al. [BCGT99] investigate the enumerability of #GA the function

computing the number of automorphisms of an undirected gré&y), and show that



29

#GA is not poly-enumerable in polynomial time, unless Gl (tre set of pairs of iso-
morphic graphs) is in RP (one-sided error probabilistic pghomial time). Further-
more, they show that #GA is not n -enumerable in polynomial time for > 1=2,
unless Glisin P. Gl is easily seen to be in NP. It is also knowio e incomplete for
NP unless PH collapses. It was very recently shown that Gl sitin SPP [AKO02],
the class de ned in [OH93, FFK94], as the class of languagebage characteristic
function is in GapP. SPP can be thought of as the gap-versiorf P (unambigu-
ous nondeterminism); it is also exactly equal to the low sefer GapP, and thus

for all gap-de nable classes, giving another evidence th&l is not NP-complete.

The notion of enumerability has been extended to sets by assating sets with

their ranking functions.

De nition 2 [GS91] The functionr : ! N is called theranking function of

a languagel if r maps eachx 2 tojfy xjy2Lg.

A languagelL is said to be polynomial-time rankableif its ranking function is
computable in polynomial time. Furthermore,L is k(n)-enumeratively rankablef
its ranking function is k(n)-enumerable. Hemachandra and Rudich [HR90] show
that if every language in P isO(1)-enumeratively rankable (or even, for any > 0,
O(n*?2 )-enumeratively rankable) then #P = FP. Their construction was built
on the result of Cai and Hemachandra [CH89], and the later,rsinger results of Cai
and Hemachandra [CH91], in light of the Hemachandra-RudicArgument, in fact
show that for eachk it holds that if each language in P has @(nk)-enumerative

ranking function, then #P=FP.

In a similar vein, Goldsmith et al. [GORO0O0] show that if the casus function of
every language in P is poly-enumerable in polynomial time (@quivalently, if each
function in #P ; is poly-enumerable in polynomial time), then #P,  FP, where
#P 1 is the tally version of #P, for which the inputs are given in urary. They show
that #P ; FP would imply that P=BPP, and moreover, that PH  ModyP for
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any k 2. (The census functionof L is the function mapping eachn > 0, as a

unary string 1", to the numberjL\ "j.)

Membership Comparability

Given two instances, can we tell which one is no more likely &n the other to be

in a prede ned set?

De nition 3 [Sel79] A setL is called Pselective(or semi-feasibl@ if there is a
polynomial time computable functionf (called a p-selectorfor L) such that for

any two stringsx andy, f (x;y) 2fx;yg, and if x oryisinL thenf (x;y) 2 L.

There are four possibilities for the joint membership ok andy in L. A se-
lector function essentially excludes one such possibilityif it outputs x then

(h;yi) 6 01; if it outputs y then (hx;yi) 6 10. We will only need a gen-
eralization of this notion to a larger number of strings. An ecellent account of
the theory of semi-feasible computation can be found in a bbby Hemaspaandra
and Torenvliet [HTO2].

De nition 4 A setL is calledg(n)-membership comparablé there is a function

at most n, it holds that  (hxy;:::; Xgmyi) 8 f(X1;:::; Xgmy)- In words, f excludes

one of the 2™ possibilities for the membership of the given strings k.

Beigel et al. [BKS95] introduced this notion for constang, and called it approx-
imability. The fully generalized notion de ned above is due to OgiharfOgi95].
Membership comparability is a certain notion of approximabn for decision prob-
lems, and an extremely weak one at that. It gives a negligibleexponentially

vanishing in g) advantage over guessing.
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Property Testing

Property testing, initiated by Goldreich, Goldwasser and Bn [GGR98] (and im-
plicitly by Rubinfeld and Sudan [RS96]), is a general task aistinguishing be-
tween the case when a given object has some predeterminedpamy and the
case when it is \far" from any object with this property. Herea property is just
a collection of objects (namely, the objects that have the pperty), and \far" is
in the sense that the object has to be substantially modi ed éfore it can satisfy
the property. Property testing so de ned is a relaxation of he standard decision
task, where one is required to distinguish between the casénem an object has
the property (is ayes-instance) and the case when it does not (isr@o -instance).
Allowing arbitrary behavior on objects that don't have the poperty, yet are close
to others that do, often gives tests that are signi cantly mee e cient than the
corresponding decision procedure. It also yields a natunabtion of approximation

for decision problems, namelyeing closeto a yes-instance.

We will not even attempt to cover the results in property tesing. There are
excellent expositions on the subject; see [Gol97, GGR98, R4, Fish01]. Apart
from being theoretically appealing, this notion arises natally in the context of
program testing, probabilistically checkable proofs, haness of approximation,

PAC-learning. All references can be found in the surveys ed above.

The objects we consider are sets of vectors in GF(2)or equivalently set
systems on 1i]. As usual, we associate sets with their characteristic fations,
thus a set of vectors in GF(2) will be treated as a functionf : GF(2)" ! GF(2).

Given oracle access to an unknown functiain (i.e. the ability to ask the value
of f on an input of our choice), we are required to decide whethér satis es
some prede ned property or is far from satisfying this prop#y. In some cases
we only have access to a random sample froim i.e., a sequence of pairs of the

form hx;f (x)i. The distance between functions is measured as the fractiohthe
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domain on which the functions dier. Thusf is said to be -far from a class
of functions de ned over the same domain, if every functiomithe class diers
from f on more than an -fraction of the domain. The goal is to minimize the
number of oracle calls. Often this number can be made constaimdependent ofn
(depending only on ). This explains why the input function is given as an oracle
rather than explicitly as a truth table; otherwise, it would take exponentially less

time to make the assertion than to read the input.

De nition 5 A property P = fP ,gn- o IS @ parameterized class of functions,
where the functions inP,, are from GF(2)" to GF(2).

De nition 6 A property test for P is a probabilistic oracle machineM that
given n, a distance parameter > 0, and oracle access to an arbitrary function
f :GF(2)"! GF(2) satis es the following requirements: it accepts if f 2 P,
and it rejects f if f is -far from P,. In both casesM is allowed to err with
probability 1=3. The query complexityq(n; ) of the test is the number of oracle
calls M makes on inputs of lengthn. In the case whenM queriesf on inputs
that are uniformly and independently sampled from GF(2), we say thatM uses

random examples

De nition 7 If P has a property test with query complexity that depends only

on and notonn, P is calledtestable

Not surprisingly, testability is deeply related to whetherthe property admits sim-
ple local characterizations; i.e., whether one can show tha function satis es
certain (easily checkable) local conditions on (typicallyandom) inputs if and
only if it is close to having the property. For example, a furtoon f : " !

is monotone if and only iff (x)  f (y) holds for any x;y 2 " such thatx v,

where denotes the natural partial orderon " (i.e., X = X1:::Xp  Y1:i:Yn =Y



33

if and only if x; y; for everyi, and x; 6 y; for somei). A natural test for mono-
tonicity is to make su ciently many random local checks; eah check may consist
of randomly selectingx 2 ", ipping a random bit in x to obtainy 2 ", and
then verifying that x and y respect the local characterization. If the algorithm
nds a pair (x;y) violating the property, it rejects; otherwise, it accepts It is a
feature of the area that, while it is almost immediately appeent what to check,
the tests are infamously hard to analyse. Clearly, the testbeve will not reject a
monotone function. The hard part is to show that any functionaccepted by the
test with nontrivial probability is nontrivially close to some monotone function.
This determines how many times the test should be repeated guarantee that if
f is far from any monotone function, this will be revealed witthigh probability.
For Boolean functions the number of tests can be independeot n, as shown by
Dodis et al. [DGL*99] (See also [GGL00, FLN*02].)

The lack of such local characterizations certainly does nohake the testing
task easy. Consider, for example, the property of the inputuhction being the
parity function. No algorithm that probes the value of the function on a small
fraction of inputs can distinguish with high probability between the case when it
is parity and the case when it is far from it. In fact, as was shen in [GGR98],
there is an abundance of function classes such that a unifdgnselected function
(over the same domain) is far from it and yet is indistinguisable from it (even if
the distinguisher has unlimited computational power), whe observing the value
of the function on less than a constant fraction of the domainin other words,
there exist properties testing of which is asymptotically shard as deciding. These
observations suggest that it would be interesting to charéerize properties accord-
ing to the complexity of testing them. We will talk about this in more detail in
Chapter 6.
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3 The Enumerability of P
Collapses P to NC

Summary We show that if one could eliminate a single possibility fortte value
of an arithmetic circuit on a given input (both over some nite eld), then P
collapses to NC, modulo the complexity of the eliminating mrcedure. Thus one
cannot excludeany such candidate in NC without showing that all of P can
be e ciently parallelized. The result above is robust with respect to eliminating
procedures that err (i.e., exclude the correct value) withrsall probability. We also
give a stronger collapse of P all the way down to NiCfor the special case when
the characteristic of the ground eld is su ciently large (alas under a stronger

elimination hypothesis that depends on the characteristjc

3.1 Introduction

We investigate the relationship between the properties ofding enumerable and
being inherently sequential. We show that if P is enumerablén some precise

sense), then P collapses to NC.

Recall that a k(n)-enumerator for a function f , de ned by Cai and Hemachan-
dra [CH89], is a procedure that reduces the set of possik#is for the value off

on a given input x of length n by enumerating a list ofk(n) values guaranteed
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to contain f (x) (thereby eliminating the rest of the values). Clearly for ach a
procedure to be interesting, it has to do something di erenthan simply compute
f (x) and include it in the output. Thus we stipulate that enumeraors require
less computational power than the functions they enumeratdRecall that an enu-
merator yields a certain approximation off : Instead of restricting the value of
f (x) to an interval (as would a classical approximator), it resticts this value to a
small set. If a functionf has ak(n)-enumerator, we shall call itk(n)-enumerable

If k(n) is a polynomial, f is said to bepoly-enumerable.

Consider the task of computing the value of an arithmetic caouit on a given
input, both over some nite eld GF(g). Suppose that one could eliminate a
single possibility for this value. (Or, in the above terminology, asume that there
exists a @ 1)-enumerator for the Arithmetic Circuit Value Problem ove GF(Q).)
We show that then one could solve the Boolean Circuit Value Bblem (CVP for
short) in NC*, modulo the complexity of the enumerator. Since CVP is comgle
for P under NC!-computable many-one reductions, this would collapse P to®,
provided that the enumerator is computable in N€for somei 3. Put another
way, one cannot e ciently eliminate any candidate for the value of an arithmetic
circuit on a given input without proving that there are no inherently sequential
problems (which would be incomparably more interesting, lius probably false).
Thus even such seemingly weak piece of information is as haodobtain in this

case as the solution itself.

This result is proven by adapting the techniques used in Sikamar's proof that
SAT is not O(log n)-membership comparablé, unless UniqueSAT is in P [Siv99],
which builds on the technique of Ar et al. [ALRS98] for recomiicting polynomials

from noisy data (see [Sud97, GS92]). The result is also remsicent of the sparse

1A g(n)-membership comparing functionfor a languageA takes a sequence ofi(n) strings,
each of length at mostn, and outputs a string in  9(") that is not their characteristic string in
A. (See [0gi95, BKS95].)
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hard sets results [Ogi95, CS98, CS00, vM98].

We initiate the study of probabilistic enumerators that areallowed to err (i.e.,
exclude the correct value) with small probability. The resli above is robust with

respect to such enumerators.

Finally, we prove a stronger collapse of P all the way down tdqgspace uni-
form) NC* for the special case when the characteristic of the groundlcis suf-
ciently large (alas, under a stronger enumerability hypohesis that depends on
the characteristic). In particular, let F be any xed nite eld with characteristic
at least k? for some integerk 2. We show that CVP- is not k-enumerable,
unless CVP is solvable in N& modulo the complexity of the enumerator. [IfF
is not xed but is given in the input (by its characteristic p, order p (in unary
notation), and a monic irreducible polynomialg 2 Z,[x] of degreeq), then the

construction is in TC.

3.2 Preliminaries

Recall that an arithmetic circuit over some algebraic structur€ is a circuit taking

elements and constants df as inputs; all gates perform arithmetic operations over
F, and all wires carry elements oF. Any such circuit can clearly be described by
a string over a nite alphabet, provided that the constants sed can be described

this way. A Boolean circuit is just an arithmetic circuit over GF(2).

Since we want to make circuit classes comparable to unifornasses de ned
in terms of time and space, we need to place uniformity resttions on circuit
families. For our purposes, it will be su cient to use logspae uniformity, meaning
that there exists a logspace machine that, on input"l generates a standard
encoding [Ruz81] of then-th circuit in the family. If uniformity is not stated

explicitly, we mean logspace uniformity.
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We use Cook's generalization [Coo085] of Wilson's model [\84] to de ne
circuit-based reductions. (We do not make a distinction be&teen circuits com-

puting functions and circuits deciding languages.)

An instance of thearithmetic circuit value problemover F (denoted CVF:) is

an encoding of an arithmetic circuitC over F, together with an encoding of inputs

Ladner [Lad75] introduced the (Boolean) circuit value prolem, and showed
that it is complete for P (under logspace computable many-@reductions). Cook
observed that the problem is actually complete under NGreductions [Co085]. For
in nite elds, the problem is not necessarily in FP, since gte values need not be of
polynomial length. Itis in FP, however, for any nite eld, and remains FP-hard in
any eld. Correspondingly, it is P-hard to decide whethelC on x outputs 1, where
1 is the multiplicative identity of the eld. (See [GJH95], Appendix A.1.) The
elds we consider are nite. The hardness above is in respett NC*-computable
many-one reductions; hence it su ces to show that CVP (or CVR) is in NC' to
collapse P to NC for somei 1. We will establish such a collapse under the
hypothesis that, given an instanceC; xi of CVPg, one can e ciently eliminate

at least one of jFj possibilities for the value ofC on x.

3.3 Finite Fields of Large Characteristic

We rst present the proof of the special case mentioned in thetroduction, and

then turn to arbitrary nite elds.

Theorem 1 Let F be a (xed) nite eld with characteristic at least k? for some
integer k 2. If CVPg is k-enumerable, then CVR is in NC!, modulo the
complexity of the enumerator. IfF is described in the input (see below), then the

same result holds with TC in place of NC.
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A Note on Representation To implement arithmetic in a nite eld F with
p% elements, it su ces to have a monic irreducible polynomiag in Zy[x] of degree
g, sinceF can be viewed a¥,[x]=(g), the ring of polynomials overZ, modulo g.

If the eld F is xed, then such g can clearly be precomputed in the space that
we have available for constructing the circuit. IfF is not xed but depends on
the instance length, then an irreducible polynomial de nig the representation of
F can be speci ed as a part of the input; or alternatively, it ca be precomputed
in logspace ifF is in some specic form that allows for such precomputation.
Unfortunately, such explicitly given irreducible polynonials are rare and strongly
depend on the structure ofp?. See [Shp92, Chapter 2] and [LN94, Chapter 3]
for excellent expositions. Theorem 1 holds if the number ofeenents in the eld
F is polynomial in the instance lengthn. Thus we allow to supply F in the
input by its characteristic p, order p? (in unary notation), and a monic irreducible
polynomial g 2 Z,[x] of degreeq. Then the theorem holds with TC" in place
of NC!. Note that the characteristic of F is small, in the sense that the parallel
complexity is measured in terms of log, rather than loglogp. If g is not given,
constructing it may be a bottleneck, as it is in NG (again, for elds of small
characteristic) [Fra91]. In what follows, we assume that # representation ofF

has been xed.

Proof: Let hC;xi be an instance of CVR, where C is an encoding of

an arithmetic circuit over F with n inputs, and x refers to the encoding of

tation, assume thatC hasn gates. Notice that, given an assignment to the gates
of C, we can check it for validity in NC*. Indeed, we just need to locally verify that
the value assigned to every gate is in fact the value of the apéon it computes
on the values assigned to its inputs. Thus all we need is an Ri€onstructible
set of gate assignments containing the correct one f@ on input x. We shall

call such a set awitness setfor C(x). Needless to say, we cannot simply run the
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enumerator on every gate o€ (viewing it as an output gate), as it would yieldk"
gate assignments, which we cannot hope to verify in NC Instead we will build
a new circuit on top of C such that the enumerator will be forced to construct a

small witness set forC(x).

Consider any two gategy and h of C. We can run the enumerator to obtaink

candidates for the value computed by each on inpwt. Let the corresponding lists

that all values on each list are distinct.) We viewg as a univariate degre&k 1
polynomial P,(u) = P J!‘:Ol Ul in F[u] such thatP,(a) = d(i 1) for everyi 2 [K],
whered is a generator of an additive group of of size at leastk?. Recall that
the promise is thatF has characteristic at leask?. The multiplicative identity 1
of F is such a generator, so we can and shall take= 1. Similarly de ne P, for
h. Thus each of the polynomials is given by its value on a set kfdistinct points
in F speci ed by the enumerator. Since both polynomials are of deeek 1, the
coe cients (we will follow P,) can be recovered by interpolation as the solution

to the k k Vandermonde system

0 10 1 0 1
ad ak 1 0 0
a3 as ! 1 & 1
a? ak ! k 1 k 1
Sinceay;:::;a are distinct, the system has full rank over=. Clearly, if k is a

constant independent oh, we can nd the solution using a circuit of constant size
(in fact, it would su ce to simply hardwire the polynomial as a black box with the
prescribed behavior). The interesting case is wheais a function ofn. (Thus we
consider instances of the circuit-value problem where theeld that the instance is
over depends on the size of the instance.) jifj is polynomial in n, we can solve
such systems in logspace uniform TC[CS00]. (See also [CS98, Ebe89, Pre91].)
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The proofs there are for elds of characteristic 2. The extesion to nite elds of
characteristic other than 2 is straightforward, since the equired operations can
easily (by analogy) be seen in logspace uniform PCThe main parameter de ning

the depth and uniformity is n.

Vandermonde system solver

P
Recall that we have the value oP,(u) = J" 01 ;U onk distinct points ay;:::;a
in F. Lagrange interpolation says that
Pau)= Pa@)
i=1 261 z

Collecting the terms corresponding to eachl gives

Xk
= 1)'”@— ki oa(an e Al a);

- si@z &)
where , denotes ther-th elementary symmetric polynomial. Let the order ofF
be pd. Recall that p k2, and that p? (and thus k) are polynomial in n. Using
the representation of the elements oF as g-vectors overF,, we can addn®®
elements in logspace-uniform TE& (using [CSV84]). We can also multiply any
n°® elements in TC by using the representation of the nonzero elements Bf
as powers of a primitive element . Recall some basic facts: The multiplicative
group F of F is cyclic of orderp? 1. Thus there exists! 2 F such that
F=fo L 2:::;17 29 (In fact, F has exactly (p? 1) such generators,
namelyf!"j1 i<p% 1andgced(;p?® 1)=1g) Foralla2 F, acan be
uniquely written asa=!'for 0 i< p9. The valuei is the discrete logarithm
of ain respect to! . Now to multiply n°® elements ofF we rst compute their
discrete logarithms in respect td , which can be done by table lookup in A&
The tables themselves can be precomputed in logspace that asve available for
constructing the circuit. So can the generator; we can justumt for it exhaustively

in logspace: cycle through ala 2 F and verify that there existsi < p 9 such that
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I "= a. Finally, the discrete logarithms are added and the sum is deced modulo
p? 1, both can be done in logspace uniform TC for the reduction we need a
look-up table which can be precomputed in logspace. It renma to show how to

compute the elementary symmetric polynomials in logspacenifiorm TC®. The

j -th elementary symmetric polynomial ; 2 F[y,;:::;Y,] is given by
X ¢
i = gy = yi
1 i< <ij r i=iy
In words, ; is the sum over allj -element subsetdi,;:::;i;jg [r] of the prod-
uctsy;, Vi . Conventionally, o = 1. The values of i;:::; ; can be quickly

recovered by interpolation as the coe cients of the polynonal

G(2)= (z+y)= o'+ 12" '+ + o
i=1

The plan now is to taker = p? 1 and evaluateG on all elements of represented
as powers of (no surprise here). Notice thatG is in fact a degree 1 polynomial
overF ,since o =1anda =1foreverya?2 F . Interpolation of G is particularly

simple, given by
1

J(yl,,yr): | (i 1)IG(| |),
i=0
since! generates all ofF , and thus the Discrete Fourier Transform matrix (a

bona de Vandermonde matrix)

0 1
1 !O !O(r 1)
1 !l !l(r 1)
117 1 !(r 1) (r 1)

is invertible. Note that computing any G(! ') is in TC® using the product from
of G (we know how to add and multiply n°® elements ofF in TC°). Recovering

j's is thus easily seen to be in (logspace uniform) TFC
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Clearly any j(y1;:::;Ys)equals j(ya;:::;Ys; 0;:::;0) for any number of extra
zeros. Thus we can letyi;:::; Yk 1) cycle through (@s;:::;& 1;8+1;:::;a) for
1 [ k, and setyg;:::;y; to 0. This completes the reconstruction of the

original polynomial.
2

Let us return to our gatesg and h with associated polynomial$,(u) and Py(Vv)
(whose coe cients we now know). We will create a new gate with inputs g and
h. The function computed byf will be F (u;Vv) = kP4(u)+ Py(v). Thus F(a;;0) =
k(i 1)+ (j 1)foreveryi;j 2 [K]. (Recall that we always implicitly have the
multiplicative identity of F as a factor.) If we run the enumerator ontf; x i, we
will get back k candidates forf (x), each corresponding to ainique combination
of claimed values forg(x) and h(x), provided that k>  p. In particular, if the
enumerator claims thatf (x) = ¢, then ¢ must be in the formk(i 1)+ (] 1)
for somei;j 2 [K], yielding the claim that g(x) = & and h(x) = k. Otherwise,
f(x) 6 c

Recall that we want to substantially reduce the total numberof gate assign-
ments to the original gates ofC, and we do it as follows: We group the gates
of C in pairs (arbitrarily) constructing a new level of gates as éscribed above.
We repeat the same procedure for the new level; continuingishway, eventually
we get to a single gate (after having constructed a full bingrtree on top of the
original gates). We run the enumerator on this gate, obtainig k candidates for
its value on input x. Each candidate value corresponds, via a downward chain of
decodings, to a unique gate assignment for the original gatefC. As long ask is
polynomial in n, we can verify all candidate assignments in parallel, singy out

the correct one. The value ofc(x) is the value assigned to the output gate.

We now describe the structure of the circuit that does this. Or parallel
algorithm will rst run the enumerator on every gate g in C. Each enumerator

gate takes a description ofC with a marked output gate g;, together with the
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original input x, and outputs a list of k numbers, one of which igj(x). Let us

pairs are treated in the same way in parallel. We feed the lstand the original
input x to auxiliary circuitry Aux (g; h) that outputs a description of a new circuit
with the output gate f. (The new circuit contains the originalC plus whatever
circuitry has already been built on top of it. The input to the new circuit will
be the original input x.) Aux (g; h) reconstructs the polynomialsP,, Py, and uses
them to compute a description off . It follows from the above discussion that
Aux (g; h) can be implemented in N€ if k is constant; and in TC® if p? (and thus
k) are polynomial inn. (Given P, and Py, the description off can clearly be
computed by NC° and TCP circuits respectively.) Since there ar®(logn) levels,
the entire construction is in NC when F is xed, and in TC? if F is speci ed
in the input as discussed above. All circuits are logspace itorm. Note that
the output of an NC° circuit can depend only on constantly many inputs, thus
improving the complexity signi cantly in the case of non-castant k appears to
be impossible. Once we get to a single gate, we run the enunteraon this gate,
obtaining k candidates for its value orx. Each value can be uniquely passed back
to the original gates ofC. Passing amounts to ndingi and | from the value of
k(i 1)+ (j 1), which can obviously be done in N&or TC®, depending on

whether k is constant. 1

3.4 Main Theorem

We now prove the main result for arbitrary nite elds. Altho ugh the proof echoes

the proof of Sivakumar [Siv99], we present a self-containéigtatment.

Theorem 2 Let Fy be the nite eld with q=2" elements, and leti 3 be an
integer. If CVPg, is (@ 1)-enumerable in NC then CVP 2 NC'.
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Remark. The choice ofF,; above is made to avoid inessential complications with
the presentation (in particular, to simplify the Boolean conplexity of eld opera-
tions). The result readily holds for any nite eld (modulo t hese complications).
We will also see that the theorem holds for elds that are not xed but are given

as a part of the input.

Proof:  Let hC;xi be the instance of the (Boolean) circuit-value problem whes

We view the gate values ofC on x as the degreerf 1) univariate polynomial
Pg(u) = P ", Gu over GF(2). We will try to evaluate this polynomial on all
elements of an appropriately chosen extension eld GF{J of GF(2). In fact, let
us x m now to be the smallest integer of the form 23' (for some positive integer
[) such that m = dlogn. If the eld F,is xed, we can take anyd 2. If Fqis
not xed but is given by q in unary, d will be bounded by a constant dependent
on ¢ ( xed later in the proof), where cis such thatr = clogn. In either case,m

will be easily computable in logspace.

A note on the representation: Ifm is in the above form? the polynomial
y™ + y™=2+ 1 is irreducible over GF(2). (See, for example, [vL91].) Tis GF(2™)
can be constructed as the ring of polynomials ovér, moduloy™ + y™2+1. Each
polynomial in GF(2™) can also be represented as an-bit string, treating bits as
the corresponding coe cients (with the most signi cant bit encoding the constant
term of the polynomial). The zero element and the multiplicave identity of the
ground eld are treated as the Boolean values 0 and 1, respeetly. This will be

an implicit assumption hereatfter.

Recall that our plan is to obtain some nontrivial informatian about the value

2Note that m can be in any form. Having the power of NG, we can nd an irreducible
polynomial exhaustively by cycling through monic polynomials of degreem in Z,[x] until an
irreducible is found. In what follows, we assume that the repesentation of the extension eld

has been xed.
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of Py on all elements of GF(Z'), and that we have a § 1)-enumerator for CVR,
at our disposal. We will use the enumerator to reduce the nuneb of candidates
for each evaluation, and then rely on the technique of Ar et a[ALRS98] to
reconstruct the coe cients of P4, which are the gate values ofC on x that we

seek.

Soletus xu 2 GF(2™), and use the enumerator to reduce the set of possibili-
ties for Pg(u), which is an element of GF(2'), and thus has anm-bit representation
(and consequently 2 possible settings of thesen bits). Consider anr-element
subsetS of f0;:::;m 1g. We will try to nd the r bits of Py4(u) specied by
S. Or rather, we will rely on the enumerator to eliminate one pssible setting for
theser bits by disguising this question as an instance of CP whose solution
(viewed as anr-bit string) gives the desiredr bits of Py4(u). In the same way, we
can rule out one possible setting for evem-element subset of then bits of Py(u).
We will then argue that this rules out a large portion of all pasible bit settings

for all the m bits.

Let us rst make a small detour. We will need a bit version of CV¥Pg_, consist-
ing of tupleshD;y;ii 2 such that D is an encoding of an arithmetic circuit,y
is an input to D, both D andy are overFg, and the i-th bit of D(y) is 1, when
D(y) is viewed as arr-bit string. It is readily seen that the bit version of CVP,

is complete for P. Consider the set
A = fthC;x;u;iij the i-th bit of Py(u) is 1g;

whereC, X, u, and Py4(u) are de ned as above. ClearlyA is in P, since the required
GF(2™M)-arithmetic needed to compute any bit ofPy(u) can be easily implemented
in NC®. Thus A many-one reduces (via some NGomputable functionh) to the
bit version of CVPg,. We will use h to map each bit of Py(u) to an instance of
the bit version of CVPg,. Thus our parallel algorithm will rst run h (in parallel)

on all tuples hC; x; u;ii for i from O tom 1. Given hC;x;u;ii, h produces an
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encoding of some circuiD; together with an input y;, both over Fy, and a number
ji such that the i-th bit of Pg(u) is precisely thej;-th bit of D; ony;. (End of

detour.)

ing a possible setting of these bits iPy(u). Denote ther-bit string corresponding
to Py(u) restricted to the bits in S by w = wp:::w, ;. Notice that the bits of w

are essentially the bitsj; of Di(y;), where i ranges over the bits speci ed byS.

specifying the coe cients of the polynomialP,,(x) = P {:01 w;x' over GF(2). Here
X is our original input in the Boolean instance of CVP that we ag solving. We
view Fy asZ,[z]=(g), the ring of polynomials overZ, modulo the irreducible poly-
nomial g of degreeq in Z,[z]. We can hunt for g exhaustively by cycling through
monic polynomials of degree until an irreducible is found. Irreducibility can be
tested in parallel time O(log®q). We assume that the representation of, has
been xed. Thus P,, is an element ofF,. We will construct an arithmetic circuit
Ds with an input ys (both over Fg) such that the value ofDs onys, viewed as a
polynomial in Z,[z]=(g), is equal to P,,. Since the degree oP,, isr 1, Ds(Ys)
uniquely de nes P,,. In fact, we already have suctDs and ys at hand. Our ys
will be the collection of inputsfy; j i 2 Sg, and Ds will contain the circuitry
fD;jji 2 Sg. EachD;i(y;) (which is an r-bit number) encodes the corresponding
coe cient of P, as itsj;-th bit. The circuit Ds will output these r bits as anr-bit
representation of its output (which is an element of;). The circuitry needed
to do such compilation of outputs is certainly in logspace uform NC!. We can
nally run the (g 1)-enumerator for CVR-, on hDs;ysi to get a list of g 1
values inFq. We can similarly eliminate one possible setting of any otheubset of
r bits of P4(u). Not only can we do it for all setsS in parallel (u has been xed up
until now), but also for all u 2 GF(2™). Recall that r = clogn, and m = dlogn

with d > c to be xed later. There are 2" many u's, and 7 < 2™ = n°® many
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subsets for each such. (Needless to say that ifFy is xed, the number of subsets
is polynomial inn.)

How many possible bit settings for eachPy(u) does it rule out? This num-
ber follows immediately from (a rather special case of) a lema proved inde-
pendently by Sauer [Sau72], Perles and Shelah [She72], arapMk and Cher-
vonenkis [VC71]. (For an excellent exposition, includinghte lemma's proof, see
Bollokas [Bol86, p.131].)

To state the lemma, we shall say that a sek  [m] is traced by a set system
F P (m) if the collection of intersectionsfF \ | j F 2 Fg contains every
element ofP(I). The lemma states that anyF traces at leastjFj sets inP(m).
In particular, this says that if jFj > P ir:ol ™, then F must trace some set of size
r. For us, F is the set of remaining possible assignments to tim bits of Py(u).
We know that it does not trace any subset of bits (since we excluded at least one
possible intersection for each such subset), thus the coapositive of the lemma
rl1m

P
says that we are left with at most ;"

2™ such possibilities). Likewise for every othen 2 GF(2™).

m

<r possibilities for Py(u) (out of

Let a = d=c We use a bound onT = " inthe form: T < C(a)
(ed"?, where C(a) is some constant that depends oa. A number of di erent
estimates of this form are known; which one is used does notegt the result. We
want k £'2m=4 > (a) (ead"?, so givenc, we taked = ac > 4 to be any easily

computable constant such thata satis es the condition above.

It remains to reconstruct the coe cients of Py using the restricted lists of
possibilities for its value on a set of 2 points. We will use the powerful technique
of Ar et al. [ALRS98], which reduces the reconstruction to t factorization of an
appropriately constructed bivariate polynomialQ(u; v) which is zero at all points
(u;v) such thatu 2 Fy andv is in the list of possibilities forP4(u). The key claim
is that (v Pg(u)) must appear as an irreducible factor of). The degree ofQ

will be polynomial in n in both u and v. The factorization thus gives a list of
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polynomially many candidates forPy, each corresponding to a gate assignment
for C on x. All of them can be veri ed in parallel in NC, and the correct one

can be singled out.

The statements regardingQ need some justi cation. For completeness (and
since we need to bound the parallel complexity rather than gaential time), we
sketch the arguments of Ar et al. [ALRS98]. (See also [Siv99]

Reconstruction  Let F = GF(2™) be the extension eld. We will construct
a bivariate non-zero polynomialQ(u;v) of degree degf) in u and deg{) in v
(to be xed momentarily), such that Q(u;v) = 0 for all u 2 F and all v in
the list of k possibilities for Pg(u), and such that both u and v are present in
every monomial ofQ. This gives a homogeneous system k2" linear equations
in deg(u) deg{v) unknowns. If deg(l) deg{) k2™, we are guaranteed a
solution. It remains to show thatv  Pgy(u) will appear as an irreducible factor.
Consider the univariate polynomialQg(u) = Q(u; Py(u)), which is of degree at
most deg() + ndeg(v) in u. We know that Qg(u) is O on everyu 2 GF(2™).
Thus if deg(u) + ndegl) < 2™, Qg(u) must be identically zero, implying that
(v Py(u)) divides Q(u;v). Let us choose deg() and deg{) leading to this
desired situation (for su ciently large n). Recall that k = m2™4. We have to
satisfy deg()deg(v) m2°™=* and deg(i) + 2 @deg({/) < 2™, which can be done
by setting, for example, degf) = deg(v) =2 %".

Note crucially that F has polynomially inn many elements, and thus its char-
acteristic p is small, i.e., we need the algorithms to run in depth polynoial in
logp (rather than loglogp). (In our particularly pleasant casep = 2.) In what
follows, n (the length of the main input) determines the complexity andunifor-
mity of circuits. All circuits are logspace uniform. Univarate polynomials of
degreen®® over F (not necessarily square-free) can be factored in RCA deter-

ministic version of the univariate factoring algorithm of wn zur Gathen [vzG84],
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obtained by plugging in the deterministic NG matrix rank algorithm of Mulmu-
ley [Mul87], works in depthO(log? n log(np)) (bounded fan-in, polynomial time).
Thus if pis polynomial inn, we are in NC (as noted in [vzGS91]). Bivariate poly-
nomial factoring can be reduced to univariate factoring usg Hensel's lifting. Let
f (x;y) 2 F[x;y] be the polynomial that we wish to factor into irreducible f&tors.
If F is a unique factorization domain (which it is, since~ is a eld), then so are
F[x] and F[x;y], thus the factorization is unique (up to the order of factos). We
will only seek some irreducible factor of , hence we will then be able to compute

the complete factorization in parallel for all factors.

Let the degree off be at mostd = n°® in each variable. We seek an ir-
reducible factorg 2 F[x;y] of f. Hensel's lifting extracts information about the
factors of f (x;y) by lifting up a univariate factorization of fo(x) = f (x; 0). No-
tice that factoring the univariate polynomial fo(x) = g(x; 0)h(x; 0) is equivalent
to factoring f (x;y) = g(x;y)h(x;y) mod y: Hensel's construction will lift this
factorization to the one moduloy?;y?2, and so on, until we have a factorization
modulo y?, wheret is su ciently large to yield the true factorization of f (x;y).
We will go through the steps of the reduction only for the purpse of establishing
the parallel complexity, i.e., without giving any intuitive of formal justi cations.
For this the reader is referred to, for example, a book by vonug Gathen and
Gerhard [vzGG99].

Step 1. Factor fo(Xx) = go(X)ho(x), where go and hy are relatively prime andgg
is irreducible. (This is possible iff 5 is squarefree. Iffy is not squarefree, then
its squarefree decomposition can be computed rst, and theme can work with
all square-free factors in parallel.) The whole factorizain is in NC® using the

univariate factorization algorithm mentioned above.

Step 2. lteratively lift the factorization t = 2(dogde + 1) times to obtain

g hy such that f (x;y)  g(x;y)hi(x;y) (mod y?): Each lifting step allows us
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to (uniquely) lift factorization modulo y® to factorization modulo y?¢. The cost
of lifting is essentially the cost of computing the quotientand remainder of poly-
nomials of degree at mostl in F[x], and is in NC' [Ebe89], puttingt = O(logn)

iterations in NC?2.

Step 3. Find polynomials G(x;y) and D (x;y) satisfying the relations

G(xy)  G(%y)D(xy) (mod y?);

deg G < degf, degD < degf, degG degf, degD 2, G 6 0. Thus

Step 3 reduces to solving a system of linear equations, witmknowns being the
coe cients of G(x;y) and D(x;y). Solving a system of linear equations is in
NC? [BvzGH82].

Step 4. Find gcd(G;f) and if nontrivial, output G as a factor off . If trivial,
f is irreducible. The gcd computation is in NG [BvzGH82]. (As warned, we
will accept it as a fact that the solution to the system above»asts and that the

existence ofG indeed yields a nontrivial factor off .)

From the discussion above, the factorization is readily seeo be in (logspace
uniform) NC3. The computation of all factors (originating from di erent ways to
factorize f o(x) as the product of a monic irreduciblegy(x) and a relatively prime

to it ho(x)) can be done in parallel. 1

Corollary 1  Let Fq be the nite eld with gelements, andlei 3 be an integer.
If CVPg, is (g 1)-enumerable in NC then P = NC'. The eld Fq can be given

by g (in unary notation) as a part of the input.
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3.5 Probabilistic Enumerators

Until now enumerators were not allowed to err. A natural qudsn is what hap-
pens if they were. Before debating about whether such enuragsrs are concep-
tually t, let us see whether they are technically interestng. First, it is not even
clear how erroneous enumerators should be de ned. There an® natural choices.
Either the enumerator fails to include the correct answer oma small fraction of
inputs at each input length; or it distributes the error by guaranteeing to include

the correct answer for every input with high probability.

In this section, we consider enumerators that are allowed terr with small
probability, and prove an analogue of Theorem 2 in the randoed setting. For
the de nition of randomized Boolean circuits and the class RC, the reader is
referred to Cook [Co085]. It is believed highly unlikely theP ~ RNC. (Note,
however, that randomized cicuits inherently have multipleaccess to randomness,

and RNC! is not known (or believed) to be contained in randomized logace.)

Let :N! (0;2). An enumerator E; for a function f is said to have error ,
if for all inputs x in the domain off , the setE; (x) includesf (x) with probability

atleast 1  (jxj), where the probability is taken over the random bits fed tcE; .

Theorem 3 (Randomized analogue of Theorem 2) Lef, be as in Theorem 2.
Thereisno @ 1)-enumerator for CVR:, with error at most inversely polynomial
unless P RNC3.

Proof:  As in the deterministic case, we will attempt to obtain resticted lists

of candidates for the value of the gate polynomiaPy on the elements of the
extension eld GF(2™). Let (n)=n @ be the error of the enumerator, and x
u 2 GF(2™M). What is the probability that the list of candidates for P4(u) excludes
Py(u)? No more than the probability that the enumerator errs on atleast one of

all r-element subsets of then bits of Py(u), and this is at most 7' (s(n)), where
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s(n) is the polynomial bounding the encoding length of CVE, instances that the
subsets were mapped to by the reduction function in the proadf Theorem 2.

We obviously want (s(n)) (=2 ) ™ ‘!

! =n @ forsome > 0 ( can

be as small as inverse polynomial in). This can be satis ed by appropriately
altering m by a constant factor (which we have control over, and which s
not a ect the proof in any signi cant way). We can then make the probability
that the list excludes Pg(u) vanish exponentially in the input length at the price
of a polynomial increase in parallelism. Indeed, we can rurolynomially many
instances of the enumerator in parallel and exclude the majty vote. Cherno
bounds can be used in the straightforward way to bound the pbability that
Py(u) is excluded (by an inverse exponential). Hence for every2 GF(2™), we
have a list of at mostk values (in the notation of Theorem 2), one of which is
Pg(u) with probability at least 1 for some inverse exponential, implying that
the expected number of bad lists is at most2™. By Markov's inequality, the
probability that there are more than 3 2™ such lists is at most £3. Assume
from now on that there are in fact no more than 3 2™ bad lists. As before, we
will attempt to nd a polynomial Q(u;v) which is zero on allu 2 GF(2™) and
all v in the list of possibilities for P4(u). The only di erence is that in order to
guarantee thatv Pg(u) is an irreducible factor, we need to satisfy the constraint
deg) + 2 9degl) < 2"(1 3 ). This would yield that Q(u; Pg(u)) has more
zeros than its degree, and thus must be identially zero, imphg that v Py(u)
divides Q(u;v). Recall that k = m2™4., We have to satisfy the constraints
degu)deg(v) m2°™* and deg() + 2 vdeg{) < 2"(1 3 ), and our choice
deg() = deg(v) = 2% does so (for suciently large n). Thus nding Q and
factoring it, gives a small list of polynomials that include Pg. We know how to

single outPy. This completes the proof. |
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4 The (Non)Enumerability of
the Determinant and the

Rank

In this chapter we show the hardness of enumerating two fundeental problems

in linear algebra, computing the rank and the determinant o& matrix.

4.1 History and Motivation

Valiant [Val79b] proved that the permanent of integer matrces characterizes #P,
the class of functions de nable as the number of accepting roputations of a
nondeterministic polynomial-time Turing machine. A simiar connection has been
shown between the complexity of computing the determinantral #L, the logspace
analog of #P [Tod91, Val92, Vin91, Dam91]. (Since the deterimant of integer
matrices can take on negative values, the determinant is indt complete for GapL,
the class of functions that can be expressed as the di erencktwo #L functions.)
Toda's result [Tod89] showing the surprising power of couiniy in the context
of nondeterministic polynomial-time, namely that the polyomial hierarchy is
contained in P* | naturally raises the question of whether #P functions are &

least easy to approximate. In the standard sense of comingse to the correct
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value (i.e., within a multiplicative factor), approximating #P functions is in 5.
Moreover, any technique for showing that it has complexityawer than 5, would
have to be non-relativizable. (See [Sto85].) In search of atker answer, Cai and
Hemachandra [CH89] proposed an alternative notion of appdoation, which
they called enumerative counting Instead of restricting the range of a function
value to an interval, they consider enumerating a short lisof (not necessarily

consecutive) values, guaranteed to contain the correct ane

Recall that a functionf is said to beg(n)-enumerableif there exists a function
that, on input x, outputs a list of at most g(jxj) values guaranteed to contairf (x).
Cai and Hemachandra [CH91] (see also Amir, Beigel, and Gaslar[ABG90]),
showed that if the permanent function is poly-enumerable ipolynomial time,
then P = P* . This is certainly a non-enumerability result, as it says that a
function hard for the entire polynomial hierarchy can easjl bootstrap its exact

value if it is left with polynomially many candidates.

We investigate the enumerability of functions complete fotogspace count-
ing classes. It is interesting whether enumerability impéis a similar decrease in
the complexity of the determinant; and if so, to what extent.Since #L functions
have signi cantly less computational power (they are coniaed in TC!, a subclass
of NC?), the enumerability properties of logspace counting anajs can be very
di erent from those of #P-complete functions. This is all the more interesting,
because, as far as we know, there are no results on (the hashhef) approximat-
ing matrix determinant or rank in the standard sense. Anothepurpose of such
an investigation is to get a better understanding of the retdonships among the

complexity classes sandwiched between NL and uniform ¥C

We show that if the determinant of integer matrices is polysgumerable in
logspace, then it can be computed exactly in logspace. In @thwords, it is as
hard to poly-enumerate as to compute exactly. The result hd$ for matrices over

nite elds of characteristic greater than the dimension ofthe matrix. A natural
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guestion is whether this can be extended to arbitrary nite elds. We establish a

similar result for computing the determinant modulo any pnne.

We also show that constant enumerability of the rank functio over nite elds
implies that the rank can be computed exactly in A€ (modulo the complexity of
the enumerator). Thus, for example, if the enumerator runsilogspace, then the
problem of computing the rank is also in logspace. The resudictually holds for

nite commutative rings with identity.

4.2 Preliminaries

We will be concerned with the complexity of computing the fébwing functions

(with input and output in f0;1g ):

Det : Given A 2 F" ", compute the determinant ofA.
Rank g: Given A 2 F" ", compute the rank ofA.
Singularity ¢: Given A 2 F" ", determine whetherA is singular.

Independence ¢: Given a set of vectors irF", determine whether they are

linearly independent.

HereF is any commutative ring with identity. When F = Z, the ring of integers,
F is dropped. A usual way to represent an element of an algebratructure F in a
Boolean circuit is as an integer written in binary. Since we Wbe mostly interested
in matrices over nite rings, or over rings whose size is pakpmially related to
the size of the matrix, the elements oF will be \short" (i.e., have logarithmic bit

length). Thus arithmetic operations overF can be easily computed in A&
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Logspace Counting Classes and the Complexity of Problems

in Linear Algebra

Many basic linear algebraic problems are known to be in NC In order to clas-
sify and capture the exact complexity of these problems, CkdCo085] de ned
the class of problems N&reducible to the determinant of integer matrices, and
showed that most linear algebra problems with fast parallglgorithms are in this
class. Many are in fact complete for this class; others werbosvn to be com-
plete for the (potentially smaller) class of problems redufole to computing the
rank [vzG93, ST98]. Santha and Tan [ST98] explored the comijational di erence
between the functional and the veri cation versions of the pblems under AC-
Turing and AC°%-many-one reductions. Allender and Ogihara [AO96] obsenle
that, even though for most natural problems the closures umd AC® and NC-
reductions coincide, this does not seem to be apparent foretldeterminant. This
(among other things) motivated the de nition of the following hierarchies, de ned
using the \Ruzzo-Simon-Tompa" oracle access model [RST8%hich is standard
for de ning Turing reductions for space-bounded nondetermistic machines, see
[AO96]:

C-L
The exact counting logspace hierarchy @[ C-L&L[ c.L&t =

ACO(C-L)

The class C L is de ned as the class of languages, for which there
exists a GapL functionf such that for everyx, x is in the lan-
guage if and only iff (x) = 0. If follows immediately that the
set of singular matrices is complete for (.. Allender, Beals, and
Ogihara [ABO99] showed that AC and NC! reducibilities coin-
cide on C.L; furthermore, the hierarchy collapses to E-L we
show that O(1)-enumerability of Rank implies a slightly deeper

collapse (to the closure of CL under appropriate reducibility).
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The PL hierarchy PL[ PLPL [ PLPL [ = AC°(PL)

Ogihara [Ogi98] showed that the PL hierarchy collapses to PL
under AC® (in fact TC?) reductions, which was improved to N&
reducibility by Beigel and Fu [BF97]. A problem, easily seeto be
complete for PL, is checking whether the determinant of ingger

matrices is positive.
L
The #L hierarchy L [ L¥L [ L*LY™ = ACO(#L) = AC °(Det)

It is not known whether the #L hierarchy collapses, or whethe
AC°#L) = NC '(#L). The latter would imply the col-
lapse [All97a].

Allender, Beals, and Ogihara [ABO99] showed that the prohtes of computing
the rank of integer matrices, determining whether the ranksiodd, and determining
the solvability of a system of linear equations, are all congte for AC°(C-L).
Clearly, the problems of computing and verifying the rank of matrix are AC°-
equivalent (since there are jush+1 possibilities for the rank). However, Allender,
Beals, and Ogihara classi ed the complexity of verifying th rank exactly, showing
that it is complete for the second level of the Boolean Hiereny over C.L (i.e.

the class of sets expressible as an intersection of alCand a co-C L set).

Our results  We show that constant enumerability of the rank function ove
nite elds implies that the rank can be computed exactly in AC° (modulo the
complexity of the enumerator). Thus, if there exists an enuerator that, given
a matrix, outputs a list of constantly many numbers, includng the rank of this
matrix, it can be determined in AC® (with oracle gates for the enumerator) which
of these numbers is the rank. For example, if the enumeratoums in logspace,

then the problem of computing the rank is also in logspace. Waso consider a
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related problem of counting the number of vectors in a giveresthat are spanned
by the other vectors in the set, and show it to be gc(,f)_n-equivalent to computing
the rank. Both results actually hold for commutative rings vith identity with the

condition that the size of the ring that the input matrix is over is polynomially

related to the dimension of the matrix. More formally, we cosider a sequence of

n n matrices are overR,,.

The techniques used in the proof give, from the assumption dbgspace
constant-enumerability of the rank, 'g?n)_tt -reductions from Rank r to
Independence ¢ and to Singularity . The reductions hold for arbitrary rings;
in particular, for the ring of integers. Since for integer miices, Independence
and Singularity  are easily seen to be complete for, respectively, caiCand
C-L, the existence of the enumerator implies that A&(C-L) (and thus the en-
tire exact counting logspace hierarchy) coincides with thmtersection of 'ggn)_u
-closures of CL and co-C. L, a slight improvement over aO(poly(n))-truth-table
reduction that follows from [ABO99] (unconditionally). In fact, constantly many

gueries su ce for the reduction to Independence .

For the determinant function Det (over the integers), we prove that ifDet
is poly-enumerable in logspace, thedet is in logspace. In other words, it is
as hard to enumerate as to compute exactly. Similarly, for gnprime p, if the
determinant-modulop function is (p 1)-enumerable in logspace, then it can
be computed exactly in logspace. Thus, if we could eliminatat least one of
p possibilities for the determinant-modulop in logspace, we would be able to
compute the determinant-modulop exactly in logspace. It is naturally interesting

whether a similar result can be shown for nite elds.
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4.3 Enumerability of the Rank

4.3.1 Computing the Rank

Recall that a function f is logspaceg(n)-enumerable if there exists a logspace
computable function that, on input X, outputs a list of at most g(jxj) values, one
of which is f (x). The following lemma shows how to combine several matrices
into a single matrix such that the ranks of the original matrces can be read o

the rank of the combined matrix.

Lemma 1 [Block diagonal construction] There exists a logspace contpble func-

of rank(S(Q)). Moreover, both procedures can be implemented by uniforraC®

circuit families.

Proof:  Consider the following construction. (See Figure 4.1.) Omput Q =
PA1; i1 Agi, S outputs a block diagonal matrix (i.e. a matrix ofn  n blocks
sitting on the main diagonal) with the following block strudure. The rst block
of S(Q) corresponds toA;, the next (n + 1) blocks correspond toA,, and so on,
until we getto n9 X+ nd 2 + + 1 blocks of A;. The multiplicity of A; as a
block isP }:1 n 1, thereby the dimension ofS(Q) is P d.n(g i+1)= O(n9).

The rank of S(Q) is the sum of all block ranks, and since the rank of each block

o from the value of rank(S(Q)). It is easy to see that both the construction and

the decoding can be done in uniform AE 1

The block diagonal construction above allows one to elimitea many candidate

rank sequences. For example, if we were to feed eachqomatrices to anr-
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Ay

Aj

Aq

Figure 4.1: Block-diagonal construction

enumerator separately, we would get? purported rank sequences, whereas com-
bining the matrices into a single query reduces the number o&ndidates tor. In
order for the dimension ofS(Q) to be polynomial in n, the number of matrices,
g, has to be constant. A simple information-theoretic argunmé shows that this

is the best possible. Indeed, the dimension of a matrix whosank can encode
(n +1)9 possible rank sequences must be at least £ 1) 9. Combining matrices
into a single query to anr-enumerator also allows us tdink matrices in the sense

that will be explained shortly. First we need the notion oflinked sequences

De nition 8 Two r-element sequencebpy;:::;pgand fa;:::; g are said to

belinked if pp = py ifand only if ¢ = ¢, forall 1 i< r.

In other words, two sequences are linked if and only if there & one-to-one cor-
respondence between the set of values in one and the set oligalin the other.
For example, the sequencesl; 2; 2; 3g and f 2; 3; 3; 4g are linked, whilef 1; 2; 2; 3g

and f 2; 3; 4; 4g are not. The following claim gives an upper bound on the numbe

of sequences guaranteed to contain at least one linked pair.



61

Claim 1 There existsro such that for any r > r o, any set of ()" r-element

sequences contains at least one linked pair.

Proof:  The number ofr-element sequences su cient to guarantee the existence
of a linked pair is precisely one more than the number of patibns of anr-element
set into non-empty subsets. The latter is known as theth Bell number, B,. De

Bruijn [dB70] gave the asymptotic formula

InInr 1 1 Ininr ?
+ + +

InBr—Inr Ininr 1 Inin r
r Inr Intr 2 Inr (Inr)2

immediately yielding the claim. Other (less explicit) asymtotic approximations

for B, are known (see, for example, [Lov93, OdI95]). I

Let (r) be the minimum number ofr-element sequences guaranteed to contain
a linked pair. By Claim 1, %' (r) (:~)". We will say that two matrices M,

and M, are linked, relative to a xed r-enumerator, if there exists a list of 2

combined using the construction in Lemma 1, and the resultghmatrix is fed to
the enumerator, we get back a list of values that (when decoded) correspond

to sequences af alleged ranks each, one sequence for eachvbf, M,;:::;M .

if there is a direct correspondence between the values on ithelaimed sequences
of ranks; hence knowing the true rank of one immediately gisehe true rank of
the other.

Given ann n matrix A, whose rank we want to compute, lef; (for1 i n)
denote then n matrix with the rst i rows ofA and Os elsewhere, so tha&, = A.

An r-enumerator for the rank function de nes theequivalence graplof A, a labeled
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graph onf1;:::;ng with the set of nodes corresponding t&\A = fA;; ;A\Q,
and an edge between nodesand | if and only if there is a set of 2 matrices in
A f A;;Ajgwitnessing thatA; and A; are linked. (We can assume without loss of
generality that the enumerator is deterministic, and that he combining encoding
of queries in Lemma 1 is symmetric, i.e., produces the samgeumatrix for any
permutation of the input matrices.) Each edge is labeled byhe equivalence, i.e.,
direct correspondence between threclaimed values for rankf;) and the r claimed
values for rank@;), given by the lexicographically smallest -tuple linking A; and
A

Notice that by de nition every subset of nodes in the equivalence graph
induces at least one edge. Hence the number of connected comgnts in the
equivalence graph is at most 1. The following proposition shows that every
pair of nodes in the same component is connected by a short paiwhere the

length of a path is the number of edges it contains).

Proposition 1 Any pair of nodes in the same connected component of the equiv

alence graph is connected by a path of length at m@st 3.

Proof: Suppose that there exist nodes and j such that the shortest path
betweeni and | is of length at least 2 2. Letv; = i;v,;:::;V, 1 be the rst
2 1 nodes on this path. Then either the nodebvy,; O t< g form an
independent set of size contradicting the fact that every -tuple of nodes induces
at least one edge, or there is an edge connecting a pair of nedle this set, in
which case the path fromi to j can be shortened, contradicting the assumption

that it is the shortest path. i

We will use equivalence graphs in the proof of the theorem logl. Throughout

the section,F denotes a nite commutative ring with identity.
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Theorem 4 |If, for some integerr, there exists anr-enumerator forRank g, then

Rank r is computable in AC’ with oracle gates for the enumerator.

Proof:  Given an enumerator and an input matrixA, the equivalence graph on
the pre x forms of A is uniquely de ned. Recall that the number of equivalence
classes (i.e. the number of connected components in the gnaps less then .
Consider guessing a set of representative matrices, which we shall call kernel
of A. The fact that the actual number of components may be less tha is not
important, since we just need to nd a constant number of matices whose ranks
uniquely determine the ranks of all other matrices. There aronly " choices for
the kernel, so we have no problem checking them all in pardll&Ve will follow a

single kernel.

We can easily check whether every node in the graph is reackalirom the
kernel. Recall that we need only check paths of length at mo& 3. The
existence of an edgei;( ) can be checked by an A& sub-circuit with a single gate
for the enumerator along any path; each path checks whethds isubset of 2
matrices inA f A;; Ajg witnesses the equivalence betweek and A;. If at least
one of the matrices is unreachable, the kernel is incorreetnd can be weeded out.

Assume without loss of generality that the kernel we followsigood i.e., every

Notice that, given a kernel, there may be a number of di erenpaths of length
atmost2 3 fromany xed A; 2 A to its closest kernel nodeR;. (The closest

R; is itself not necessarily unique; the ties are broken arbdrily.) Thus each of
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a chain of links leading to any value claimed fof;. Since the correspondences of

values marking the links on a path fronR; to A; were given by di erent calls to the

for every A;, the path from ; to rank(A;) will not be broken. For consistency,
we will use the following convention for eacl®\; and each claimed value for the
rank of R;: In the case of multiple paths, we will always follow the patlrom R;

to A; that yields (via a sequence of correspondences along thelpathe smallest

claimed value for the rank ofA;. In the case of broken links, we will map each

sequenceé i;:::; li claimed to behrank(A;);:::;rank(A,)i. Incorrect sequences

will be weeded out during veri cation.

letU=f1 j nj = [  +1g,wherewedene ;=Oforalll i r;
thus eachU; claims to index a maximal set of linearly independent rows &. Of

course, we need to check whether the set indexed by is indeed maximal, i.e.
whether every remaining row ofA is a linear combination of the rows indexed
by U;. As there are only constantly manyy;s, testing them in parallel causes no
problem. The rank of A is given by the size of the smallest; that passes the

maximality test. (This number can be found as the corresporiniy ! .)

n

maximally independent sets of columns o&. The square submatrices indexed by
U Vi , UV, all claim to be nonsingular. (We can obviously discard all
candidate sequences withU;j & jVij.) Now instead of verifying the maximality

claim, we can check, in parallel, which submatrices are indanonsingular, and
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then take the maximum over all that pass the test.

Notice that the discussion above is valid for arbitrary matices. Thus, if there ex-
ists a logspace computabl®©(1)-enumerator forRank g, then Rank ¢ is 'Oo%l)_n-
reducible to Independence ¢ (and 'c‘)’?n)_n-reducible to Singularity ¢). The
reductions do not depend on the eld that the matrices are ove in particular,
they hold for integer matrices. We now show how to test the maxality of U;s
for matrices whose entries are drawn from some nite eld=; then we extend
the test to nite commutative rings with identity. In fact, t he results naturally
generalize to the case when we have a sequence of riRgsR,;:::;R,;::: and
our n n matrices are overR, (i.e., the size of the ring that a matrix is over is

polynomially related to the size of the matrix).

Testing maximality: Given row vectorsvy;:::; Vw2 F", verify that w is in
the subspace spanned byy;:::; Vg
Let F = fa;; ;ang be the ground eld. If vi;:::; vy are linearly independent,
w is spanned byvy;:::; vy, andw 6 0" (where O is the null element of), there
must exist unique coe cients ¢;;:::;¢ 2 F such that c;vy, + + Vgt W=0.
Foreachiandj,1 i m,1 | g, dene the matrix
0 1
Vi
Mij = Bav +w
Vg

If the above conditions hold, then for eachy, there is a uniquei such that
rank(M!)= g 1; namely, rankM))=q 1i a = g; otherwise rankM/) = q.
We have at mosinm such matrices, which is polynomial im, provided that m is

polynomial in n. We want to reduce the number of possibilities for the ranksfo
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these matrices to a constant, and we already know how to fortdee enumerator to
do this for us: Recall that there is a constant = (r) such that combining any
matrices into a single query witnesses at least one equivate relation between
a pair of claimed lists of ranks. Furthermore, there are at nsb 1 equivalence
classes, and thus only polynomially (imm) many choices of how to partitionMij S
into the equivalence classes. All choices can be veri ed ianallel, each one giving
only a constant number of possible values for the ranks Mij s. For each candi-
date sequence of ranks we collect the coe cientgs, assuming that this sequence
is correct (i.e., that for eachj there is a uniquei such that rank(Mij) =q 1,
and rank(MIj) = qfor all | 6 i); then we verify (column-wise in parallel) that the
equality c;vq + + CyVq + W = 0 holds. Notice that the maximality test can be
run in parallel not only for all matrices Uy :U,, but also forall rowsw claimed
to be linear combinations of the rows of each matrix. The nundy of matrices
that we are dealing with is less tharrnm, so if m is polynomial in n, testing
them in parallel causes no problem. It is easy to see that theteée computation
can be done in Boolean AEwith oracle gates for the enumerator (with inputs
and outputs in binary), since we are dealing with elds of pginomial size (and

thus elements of logarithmic length).

To extend this method to commutative rings, we just have to tst whether, for
eachd 2 F, there exist coe cients ¢;;:::;¢ 2 F satisfyingc,vi+  + cqvg+ dw =
0, which can be done in parallel for each possibie For somei there can be more
than one value ofj for which rank(M!) = g 1, but we have only to select the

smallest suchj. |1

Corollary 2 If there exists anO(1)-enumerator forRank ¢ that runs in logspace,

then Rank  is computable in logspace.
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4.3.2 Computing the Number of Dependent Rows

determine how many of them are in the span of the other vectordNe will call
such vectorsdependent De ne the problem Depg: Given a matrix A 2 F" ",
compute the number of dependent rows @&, written as dep(A). As before,F is

a nite commutative ring with identity.

Proposition 2 If, for some integerr, there exists anr-enumerator for Depe,

then Depr is computable in TC® with oracle gates for the enumerator.

Proof: The argument is similar to the one used in the proof of Theorer.

the candidate sequences by 1;:::; i, :::;, h ;i Ti. For eachj, 1 j

n, we have depd;) = dep(A; 1) if and only if row j is independent of rows
L::nj L1 LetRy=f1 j nj /= | ;9 wherewedene ;=0 for all
1 i r;henceR; indexes the lexicographically smallest basis of the row spmof
A, claimed by theith sequence. Our task is to determine which! is correct. We
test, as in the proof of Theorem 1, the maximality of alR; in parallel, keeping,
for eachi, a Boolean vectoru; = (u; ) of length jR;j with 1s corresponding to the
basis vectors whose dependency has been revealed by the, tiest, for eachi, u;
marks those vectors inR; that were shown to have non-zero coe cients in linear
decompositions of the remaining rows dk. We can ignore the bases that do not
pass the maximality test. To simplify the notation, supposehat all of them do.
Now we just need to test the consistency of each claimef with the corresponding
calculated dependency vectou;. Foreach 1 i r,letcg = | (n j Rij);

that is, ¢ is the number of dependent vectors ilR; claimed by theith candidate

sequenceh [;:::; Li. We check the consistency by verifying, for all in parallel,
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whetherg = P jzf u; holds. The value of depf) is given by the ! corresponding
to the smallestR; that passes the consistency test. (If sucR; is not unique, each
one forms a valid basis of the row space &f; furthermore, since given a basis,
every other row ofA is uniquely represented as linear combination of the basis
vectors, all bases that pass the consistency test must ag@etheir corresponding
claimed value for depf).) To verify the consistency, we simply need to be able
to subtract two numbers of value at mostn and to count the number of 1s in an

n-bit binary string; both can clearly be done in TC. 1

Proposition 3 Depe is gc(,f)_n-equivalent to Rank g, whereF is a nite com-

mutative ring with identity.

Proof: Rank ¢ is clearly n-tt-reducible to Depg in TC®. Given a matrix

the number ofi, 1 i n, such that dep@;) = dep(A; 1), which immediately
gives the rank ofA. To show that Depg is reducible to Rank ¢, we essentially

use the reduction in Proposition 2. Namely, we query th&ank ¢ oracle on

decompositions of the remaining rows in terms of the basiscters. We need only
count the number of the basis vectors that have a non-zero coient in some
decomposition, which can be done in TC Denote this number bys. Then the

value of dep@) is given byn rank(A)+ s. |1

4.3.3 The Graph of Rank

The graph of a function f : ! is the set Graph = f(x;y) jy = f(X)g.
It is an easy observation thatf is O(1)-enumerable in logspace if reduces to
its graph with respect to 'b‘i? (equivalently, [;’Tg) reductions, provided that f

is polynomially bounded. This was explicitely stated in [BHVO02] in the con-

text of polynomial time. Indeed, iff is (r + 1)-enumerable for some constant
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r, then clearly f 19 Graph,. Also if f °% Graph, then f is 2-enumerable

in logspace, equally trivially. It remains to observe thaff % Graph, implies
f % Graph,andf %% Graph, yieldsf 3 ,, Graph,. (Herer is some
xed constant.) This it not at all surprising; intuitively, it says that if reducing
the number of candidates for the value of to a constant does not makd easier
to compute, then computingf is, in some precise sense, as hard aifying a

solution. We thus have the following theorem.

Theorem 5 Rank ¢ is not 'g’?-reducible to its graph, unlessRank ¢ is in

logspace.

4.4 Enumerability of the Determinant
Theorem 6 If, for somek, Det is nk-enumerable in logspace, thebet 2 FL.

Proof: Let G be the con guration graph of a nondeterministic logspace ntaine
on some inputx. Let #path ;(s;t) denote the number of directed paths from node
s to nodet in G. Dene f (G) as the function, whose value (written in binary)
consists of a sequence of blocks of lengths = 2ndogne, the (n(i 1) + j)th
segment corresponding to #path(i;j ), where 1 i;] n and n is the number
of nodes inG; thus

X o

f(G)= 2000 D Dsgpath (i) ):

i =1
It is easy to see thatf is a #L function; this can be done by exhibiting an NL
machine N whose number of accepting computation paths o6 is f (G). The
machineN, on input G, nondeterministically guesses a numbgy= n(i 1)+ j,
1 p n? after which it guessesy, 1 g 2, followed by a guess of path
from nodei to nodej in G. If the guess is correct,N accepts; otherwise, it

rejects. It is easy to see thalN is a nondeterministic logspace machine that has
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the required number of accepting paths. Henck 2 GapL, and a function is in
GapL if and only if it is logspace many-one reducible to the derminant. Thus
there must exist a logspace functiorg such that for all G, f (G) = Det (g(G)).
We will use g to transform G into a matrix M = g(G), and then run the nk-
enumerator onM to obtain a list of n¥ values, one of which is the determinant
of M. Using the equality in the above reduction, we convert thisidt to a list of
nk candidates forf (G) (each of which, if correct, certi es that the correspondig
claimed value for detM) is correct). Since we have only* candidates forf (G),
they can be checked in parallel. Given a purportefl(G), we can uniquely read
o #path 4(i;j ) foreach pair (;j), 1 1i;j n. These values can then be locally

checked using the self-reducibility of #patly,. 1

The theorem above clearly holds for elds of characteristigreater than the di-
mension of the matrix. A natural question is whether it holddor arbitrary nite
elds. We can only show a similar result for the determinant binteger matrices
modulo some integerp. The problem of computing the determinant modp is

°-complete for MogL, de ned in [BDHM92]. Mod,L is the class of sets\ for
which there existsf 2 #L such that for all x,x2 Ai f(x) 6 0 modp. We will
also use the notion of membership comparability, due to Ogalna [Ogi95].

De nition 9 A set S is logspaceg(n)-membership comparablewritten as S 2

L-mc(g(n)), if there exists a functionf 2 FL such that for any set ofg(n) inputs

We will also use the predicate version of the problem, nameRet -modp =

f(A;i) ] det(A) i1 (modulo p)g:

Theorem 7 Let p be any prime. If there exists a logspace computable ( 1)-

enumerator forDet -mod-p, then Det -modp is in logspace.
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Proof:  We will show that the existence of the enumerator above im@s that
Det -modp is in L-mc(p 1). The theorem will then follow from a result by
Ogihara and Tantau [OTO1].

Since Det -mod 2 Mod,L, there must exist a #L-function f certifying its
membership. Requiring thatp is a prime is just a matter of convenience, since in
this case, according to Fermat's Little Theorem, we may asme that f is such
that x 2 Det -modpi f(x) 1(modulo p), and x 62Det -modp i f(x)
O(modulop). Let M¢ be a nondeterministic logspace machine certifying thdt is
in #L.

mostn. For1 i k, denote the con guration graph of M; on input x; by
Gj; then f (x;) counts the number of paths inM; from the initial con guration
to the accepting con guration. (We may assume that there is &ingle accepting
con guration.) Given a directed graphG, let #path 5(s;t) denote the number of
directed paths from nodes to nodet in G; then f (x;) = #path s (si;ti), wheres;
andt; are the initial and the accepting con gurations ofG;, respectively. Consider
a graph G consisting of allG;s plus two additional nodess and t. Besides the
edges internal toG;s, add, for eachi, a new edge frons to s;, and fromt; to t.
We have #path(s;t) = P KT (i)

For any integer p, given a topologically sorted directed graplt, nodess and
t, the problem of counting the number of paths frons to t in G modulo p, is in
Mod,L (in fact, itis  [°9-complete for MogL). Thus there must exist a logspace
computable function that takes G;s;t) as input and produces a matrixM such
that det(M)  #path ;(s;t)(modulo p). We will use this reduction to transform
our G into such matrix M, and then run the enumerator onM . The enumerator

givesp 1 candidates forDet -mod-p, thereby excluding one.

Thus we have a list ofp 1 candidates for #pathg(s;t) mod p. We will show

that no subset ofp 1 candidates can cover all®2* possibilities for the char-
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L-mc(p 1). Indeed, suppose that the enumeration list containg. We have

X1 X1

( f(x))) modp=( f(x;) modp) modp;

i=1 i=1
and thus #path(s;t) g(modulo p) i exactly g out of x;;:::;X, 1 are in the
set. (Since, for anyx, f (x) is congruent to either O or 1 modulop, we have

ipzllf (xi) q(modulo p).) Therefore, each candidateg covers (i.e. is consistent

with) at most P ql characteristic sequences; hence apy 1 candidates can clearly
cover at most 2 1 1 sequences, puttindet -modp 2 L-mc(p 1). To get the

membership in logspace, we will use the following theorem Kgihara [Ogi95].

(Theorem 5.5 in [Ogi95]) Let p 2. If Mod,P  P-mc(clogn) for some
c <1, then Moq,P P.

The theorem carries over to logspace, as observed by Ogiharal Tantau [OTO1].
This nishes the proof, since for any constantsp and c, L-mc(p 1)

L-mc(clogn). |

4.5 Final Remarks

A natural question is whether the rank being, sayO(logn)-enumerable implies
that the rank is in logspace. As we mentioned, it does not segiossible to combine
more than a constant number of queries into a single query tté¢ enumerator.
Another improvement would be to show that Proposition 2 hold for AC° in

place of TC, the question being whether counting the number of dependebasis

vectors can be avoided in this context.

It is interesting to know whether Theorem 4 can be generalideto arbitrary

rings; in particular, to the ring of integers. It follows fran Remark 1, that the
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problem reduces to nding the largest nonsingular matrix amng r matrices of
dimension at mostn. Let the matrices beD;;:::;D, with the corresponding
dimensions 4;:::; ;. Using a lemma by Allender, Beals, and Ogihara [ABO99]
(Corollary 2.3 in their paper), we can in logspace extend eye matrix to di-
mensionn without changing its singularity, so that if it was nonsinguar, it re-

mains so; otherwise its rank becomes one less than full. Fastational simplicity,

as anr r Boolean matrix D = (d;) with dj =1 i rank( D;) claimed by the
i-th sequence i;n. We can safely remove all columns that do not contain ones;
assume that all do. It is easy to see that our-enumerator is of no further use.
Since the number of matrices is at most the number of candidatsequences that
the enumerator has to commit itself to, the enumerator can mk@ each one of

its r purported answers consistent with a di erent choice of a n@ingular matrix

enumerator?

If the rows of D form a Sperner system (i.e. the rows are incomparable elerten

a set ofr matrices such that exactly one matrix is nonsingular; moreer, the
nonsingular one has the same index as the correct rowdf To construct the j th

matrix in the set, we simply take the product of all matrices bhat have ones in
row | . The rank of the product is at most the minimum of the individual ranks;
hence the product is not full-rank i at least one matrix in the set is singular.

The (only) nonsingular product corresponds to the correctow of D.

In the case when the row set dD contains a chain, the nonsingular row product
may not be unique. In this case we can perform the above proseateratively for

all levels of the Boolearr -dimensional lattice, starting from levelr. That is, for
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every leveli from r to 1, we take a subset of rows dD with exactly i ones, and
get a set of less tham matrices with the property that at most one matrix in the
subset is nonsingular. The correct row oD corresponds to the rst nonsingular

product.

Suppose we are given a set of matrices guaranteed to containnaost one
nonsingular matrix; and let C be a functional complexity class. If we were able
to single out the only nonsingular matrix (or to establish tlat none is full rank)
in C, then the problem of determining the singularity of a matrix(over the same
domain) would trivially be in C. Indeed, to determine whether a matrixA is sin-
gular, we would just run the aboveC procedure onA combined with some singular
matrices. If A is nonsingular, the procedure will nd it; otherwise it will establish
the singularity of all, certifying that A is singular. Thus it is unlikely that the
scenario outlined in Remark 1 works for arbitrary rings. Sice the interesting case

is when the enumerator is bounded to run in logspace, one cowlse randomness

veal the singularity of some candidates due to its limited coputational ability in
guessing the random bits used in constructing the queriediowever, approximate
rank computations over arbitrary rings are complicated by lte fact that the rank
is not known to be random self-reducible, and the fact that imite rings lack nice
nite eld properties simplifying the analysis (such as theexistence of samplable
distributions invariant under addition or multiplication by a xed element of the
ring).

To conclude, let us remark on the relation betweeRank and Independence .

The proof of Theorem 1 shows that we can use anenumerator to reduce the

sequences, consider the n Boolean matrix H = (h; ) with hy = rank;(A;)
rank; (A; 1), where for eacH 2 [n], rank; (A,) denotes the rank ofA, claimed by the

i-th candidate sequence, and rankAy) = 0 for all i 2 [r]. (We can immediately
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reject all candidate rank sequences whose correponding sawH contain elements
other than O or 1.) Suppose you are given a black box fordependence ; that is,
you can ask whether anyn; is indeed 1, which essentially reveals the correct value
for rank(A;) rank(A; 1). Consider the following question: how many (adaptive)
oracle calls toIndependence one needs to determine which purported sequence
of ranks is correct? The number of queries clearly does noteato be more than

r, since you can always eleminate at least one sequence withragke query. The

guestion is whether it can be much smaller.

This problem, in a more general formulation, seems to be ofrfdamental
interest. Namely, the rows oH can be treated as truth tables of -variate Boolean
functions. Given oracle access to some unknown functiért f0; 1g" ! f 0; 1g, we
are asked to recognize it among the functions explicitly spieed by H, using as
few oracle calls tof as possible. In other words, the question is how many points
one needs to (adaptively) examine in order to reconstruct thunknown function
f, given a restricted list of candidates containing . For example, imagine a
situation when you possess some cryptic prograR guaranteed to compute one
of your favorite functions. On how many di erent inputs do yas have to run Ps

to determine which one of your favorite functions it computes?

The lower bound on the number of queries for any deterministiprocedure

is (log r), given by a simple information-theoretic argument. Notie that if the

r
i=r

then a single query reduces the number of candidate sequen¢ee. rows ofH)

P
number of unique columns oH is at least 2 for some constant < 1,

by at least (1  )r. Indeed, we just have to ask any; , wherej is the index of
a column containing at least (1  )r ones and at least (1 )r zeros. We have

P . o
' Lo< 2'=r(2 1)?, using standard approximation arguments. Denote

i=r
the matrix resulting after query i by H; (H; contains the rows ofH that agree
with the rst i queries), soHy, = H. Let r; denote the number of rows inH;.

The bound above shows that if the number of unique columns &f, is at least
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(2 "=rp), then a single query leaves us with at most o candidate rows. In this
v = (2 =),

or +1

case, the number of unique columns iH; is at least TR

hence the same argument inductively applies: a single quergn eliminate at least
(1 )r, rows, and so on. Therefore, if the condition on the number ofmigue
columns ofH is satis ed, log,- r = O(logr) calls to Independence suce to

solveRank .
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5 A Note on Nondeterminism

versus Randomness in Space

Summary: We show that a restricted version of halting BPL is in NL.

We have seen that the class PL has natural characterizatiors a counting class
de ned in terms of GapL functions, and as a probabilistic clss de ned in terms
of probabilistic Turing machines. In this chapter we will t&ke an alternative,
probabilistic look at the space-bounded playground: We wWilook at probabilistic
logspace computations and the complexity classes assoedhtvith it. Interestingly,
although there has been considerable success in relatinglpabilistic classes to its
own kind and to determinstic and nondeterministic classeslmost nothing inter-
esting is known about how they relate to counting or (uniform) circuit classes.
The only points of correspondence are PL, L, and NL. In this sse, it is indeed

an alternative view of the interiors of P.

There are certain subtleties that one should be aware of whe&e ning prob-
abilistic space-bounded classes. The most prominent suahbtety is that the
power of these classes seems to be drastically a ected by wier the machines

are required to halt or not. By halting we mean halting on all mputs and for

1The alert reader may argue that probabilistic classesare counting classes. By counting here

we mean classes whose most natural characterization is as aunting class.
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all sequences of random coin tosses. It is easily seen thaistdistinction is not

important in the context of time-bounded classes.

We brie y recall the de nitions of the classes we need and thkenown relation-
ships among them. An excellent survey by Saks [Sak96] proggla more re ned

and detailed exposition on the subject.

We adopt the standard de nition of a probabilistic Turing machine (PTM), as
de ned by Gill [Gil77]. We only consider machines that compie languages The
random tape is one-way: The value of a previously seen bit canly be recalled
if it has been explicitly stored on the work tape. For a PTMM and input x, we
let pw (X) denote the probability that M acceptsx. The languagel. computed by
M is the set of stringsx such that py (x) > 1=2. The class PL contains languages
computed by logspace PTMs. The class BPL is the class of laragges computed
by two-sided bounded-error logspace PTMs. Awo-sided bounded-erroPTM is
a PTM whose probability of acceptance on any input is eithertanost 1/3 or at
least 2/3. The error is said to beone-sided if the probability is either O or at
least 2/3, and the corresponding class is RL. By imposing asteiction that the
accepting machine for the language must halt on any input anfbr any sequence
of coin tosses, we arrive at the correspondirtalting classes, distinguished by the

subscript H.

Imposing such a halting condition for a constructible spadeounds(n) logn
is essentially equivalent to imposing a time bound of*®) on the maximum time
of the computation. (See [Sak96, Gil77, BCDB9, Nis93] for more discussion
of the subtleties involved.) We have already seen in Sectidh2.3 that PL =
PyL ([Jun85, AO96]); thus unbounded error machines can be rested to run
in polynomial time without any loss in power. In contrast, seh a restriction
seems to have a drastic a ect on the power of BPL and RL. Withaut, one-sided
error is equivalent to nondeterminism, RL=NL [Gil77], whid suggests that R,L is

probably a better de nition of one-sided error probabilisic logspace computation.
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Figure 5.1: Known relationships.

Less is known when the error is two-sided. The above resultr@@nly implies that
NL BPL. Notice the outrageous di erence compared to time-bouwted classes:
If NP BPP, then the polynomial hierarchy collapses to 5, which follows from
a theorem by Karp and Lipton [KL80] stating that if all languages in NP have
polynomial-size circuits then PH = b itis a simple observation that all languages
in BPP have polynomial-size circuits (for example, see Theem 11.6 in [Pap94a]).
This suggests that BPL is not an appropriate de nition as wdl(yet it is not as

uninteresting as RL).

The known relationships among these classes are summarized=igure 5.1.
The only classes we have not encountered before are SC and Bie class SC is
de ned as the class of languages decided by deterministic fing machines that
run simultaneously in polynomial time and polylogarithmicspace [Co085]. (As
usual, the superscript indicates the power of the logarithnm the space bound.)

The class SL denotes the class of languages computed by symnimdogspace
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machines [LP82]. SL characterizes the complexity ahdirected graph connectiv-
ity. Let us also remark that any randomized computation thatuses only polylog
many random bits has a logspace deterministic simulation B96]. (Notice that

simulating logarithmically many random bits is trivial.)

Even though it is believed that BR4L collapses to L (i.e., that randomness does
not help more than by a constant factor), it is not even known Wwether BP4L is
in NL. This is essentially the question of whether a logspa@malog of BPP  §
([Lau83, Sip83b]) holds. There is no obvious modi cation tht can adapt the
known nondeterministic simulations of BPP, since they seeto inherently require
two-way access to nondeterministic bits. The question itHecan also be thought of
as asking whether randomness can be nontrivially substitedl for nondeterminism
in this context. We show that this inclusion holds for a resicted version of BPL,
where the error is larger than what can be achieved by ampliation. It is time
to note that for bounded-error computation, the probability of error can be made
exponentially small in the input length (by a straightforward ampli cation). More
precisely, for every language in. 2 BPyL and every polynomialp, there is a
BPyL machineM for L with error probability at most 2 P on inputs of length
n. (This can be formally shown by applying Cherno bounds or Beastein's law
of large numbers to bound the probability that the average o$u ciently many
random outcomes deviates from the expectation. We have nogtmlem counting
polynomially many outcomes in logspace.) In our restrictedersion, the error
is exponentially vanishing in the input length, but the exponet depends on the
running time of the machine. The argument is very simple andwploys only basic

structural properties of the con guration graph.
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PL

NL =BPL

L=SL= BP,L

Figure 5.2: Conjectured relationships.

51 Toward BP ,L NL

We will state the promised inclusion without de ning the cless wBR;L alluded to
above. Furthermore, we will start proving the inclusion asfiwe were proving it
for BP4L, and see where our argument comes short of simulating antaity BP 4L
machines. This will justify the de nition of wBPyL  BPy{L. We hope that the

instructional bene t of doing so will outweigh the informaity of presentation.
Theorem 8 wBPyxL  NL.

Proof: Take a languageL 2 BPyL, and let M be a probabilistic logspace
Turing machine acceptingL by clear majority. We can and shall assume that all
possible runs ofM on input x have length exactlyp(n) for some polynomialp,
and the number of random choices at each step is exactly twbt reads a random
bit at each step of its execution and either uses or discards iThis allows us to
represent the set of all possible computations 8 on input x as a leveled directed

acyclic graph of depthp(n). We call this graph the con guration graph of M on

wherelL; contains all possible con gurations oM on x after M has seen exactly
i random bits. Thus Ly contains a single node, namely the start con guration.

Transitions between two consecutive levels are de ned in ¢hobvious way. Since
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M is bounded to run in polynomial time, the number of possibleon gurations

of M on x, and thus the number of nodes irM (x), is at most polynomial in n.
We assume thatl i,y contains exactly two nodes, the accept node and the reject
node. The con guration graph is in e ect a full binary tree of depth p(n) with
subsets of nodes of the same level being embedded into a snghde. We will
also assume that the error oM is exponentially vanishing in the input size (see
discussion above); thus for any input of lengtm, the error is at most 2 '™ for

some polynomialr, xed beforeM has been xed.

Let x be an input of lengthn. We will give an NL procedure for deciding
whether x is in L. Denote the set of accepting computations d¥1 on x by A(x).
Alternatively, A(x) is the set of all paths from the start node to the accept node
of M (x). To simplify notation, p and r will stand for p(n) and r(n), respectively.
We know that if x 2 L, then jA(x)] 2°(1 2 "). On the other hand, if x 62,
then jJA(x)] 2P '.

We will show that there is an NL-testable gap in the heights ofhe maximal
full binary subtree embedded into the accepting subgraph d#l (x) for x 2 L
and x 62L. The accepting subgraph oM (x) is the subgraph induced byA(x).
We denote the height of such maximal subtree bg(x). Call a node ofM (x) an
R-node, if all paths from it lead to the reject node. Clearly,n order to have an
R-node at levelp i, there must be at least 2 rejecting paths. Suppose thaix
is notin L. Then it is readily seen thatd(x) p r, just because the number
of accepting paths is at most 2 ". If, on the other hand, x is in L, the number
of rejecting paths is less than 2 ", which can give rise toR-nodes only at levels
Lp r+1;::5Lp. Thusd(x) >p (p r) = r. Notice that both bounds are tight.
We want the gap betweerp r andr to be detectable in NL.

Suppose thatp = O(r). Then we could assume thap < 3r=2, and hence we
would have thatif x 2 L thend(x) >r; and if x 62_, thend(x) r=2. It remains

to show how an NL machine could decide the membershipofin L. Easily: The
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machine will just go through all nodes in level, (or any level numbered between
(5 +1) and r), and check whether there is at least on®-node at that level.
(Observe that all children of anR-node are necessarilyrR-nodes; thus ifx 62L,
there must exist anR-node at levelL,. A nodeu 2 L, can be checked by asking
whether u is not reachable from the accept node. Recall that NL is closed urde
complement [Imm88, Sze87], and that reachability is in NL,hus the check is in
NL. There are at most polynomially many nodes irL,, which causes no problem

for an NL machine.

Recall, however, that we needed the assumption that = O(r). But all we
know is that for any polynomialr, there exists a desired probabilistic machinii
with time bound p (for some polynomialp), whose error is vanishing as an inverse
exponential inr. Here we essentially xr after p has been xed. Thus, although
the error of M is still vanishing exponentially in the input size, this eror depends
on the running time of M (better thought of as the number of random bits used
by M). This motivates the de nition of a restricted version of BR4L, which we

denote by wBR4L (for well-bounded erroj. 1

Formally, we de ne wBPyL as the class of languages such that there exists
a polynomial p and a PTM M acceptingL using at most p(n) random bits on
inputs of length n (for all n > 0), and erring with probability at most 2 (M)
on these inputs. Let wBR;L(p) denote the subclass of languages in wBR, for

which the de ning polynomial is p.

A natural question is whether we can amplify the error to an iverse exponen-
tial without signi cantly increasing the number of random hits used. The short
answer is \no", at least for black-box ampli ers. Let us assme that we have a
probabilistic machineM that errs with some constant probability (0< < 1=2).
A straightforward way to amplify M is to run it r times and take the majority
vote. This decreases the error to", alas the number of independent random bits

used is increased by the factor of. This does not help us much (in fact, at all). A
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family of techniques has been devised faleterministic ampli cation that allows
one to reduce the error probability while incurring only a srall penalty in the
number of additional random bits. All known ampli cation techniques useM as
a black box. The idea is to still runM r times (using it as a black box), but to
substitute independent random strings used by di erent rus by pseudo-random
strings generated using fewer truly random bits. Spacebounded deterministic
ampli cation is more involved. (Again, the rub is that the random tape is one-
way, which precludes a straightforward adaptation of timéounded ampli cation
techniques.) Bar-Yossef, Goldreich, and Wigderson [BGWpPgave a nontrivial
adaptation of the Ajtai-Kombs-Szemeedi method [AKS87 yielding the reduc-
tion of the error probability to an arbitrarily small constant with only a constant
addition in the number of random bits. In particular, p random bits and error
can be ampli ed in logspace top + O(r) random bits and error ("), wherer is
arbitrary large, yet constant. This gives only aconstant reduction of the error
probability, even though [AKS87] actually gave an exponeral reduction for BPP
with only a linear increase in the number of random bits. For BL, unfortu-
nately, a constant reduction is the best achievable (for btk-box simulators), as
also shown by Bar-Yossef, Goldreich, and Wigderson [BGW99[hus the answer

is \no", making the \well-boundedness" seemingly hard to neove.

A concluding remark. A fundamental idea exploited for many gars is that com-
putational hardness can be e ciently converted into compuational randomness:
Hard problems in some complexity class can be used to congtrpseudo-random
generators that \fool" computations in that class by genering sequences that
look random to any such computation (using a much shorter tily random string).

In the context of probabilistic time, there has been a sequea of results revealing
an increasingly tighter tradeo between the strength of thehardness assumption
and the e ciency of the resulting simulation (ranging from afull derandomiza-

tion to the weakest nontrivial (subexponential) simulation). Such a close con-
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nection between hardness and randomness seems to be much fgenounced in
the context of space. In fact, despite much success in undargling the struc-
ture of randomized logspace and despite the existence of anditionally proven
pseudo-random generators for logspace implying nontrivideterministic simula-
tions, there is no known result collapsing RL to L under any meaningful assump-
tion. It would be extremely interesting to nd an equally signi cant connection
between the problem of derandomizing space-bounded comgtibns and some
other computational notion, or to better understand the rehtion between hard-

ness and randomness in space.



[Ajt83]

[AKS87]

[All97a]

[AIl97b]

[AII90]

[ABHO1]

[ABO99]

86

Bibliography

M. Ajtai.  1-formulae on nite structures. Annals of Pure and Applied
Logic, 24:1{48, 1983.

M. Ajtai, J. Kombs, and E. Szemeedi. Determinigic simulaion in
logspace. InProceedings of 19th Symposium on Theory of Computing
132{140, 1987.

E. Allender. A clari cation concerning the #L hierarchy, October

1997. Available at ftp.cs.rutgers.edu/pub/allender/Ihpdf .

E. Allender. Making computations count: Arithmetic circuits in the

nineties. SIGACT News Complexity Theory Column 191997.

E. Allender. Oracles vs proof techniques that do natelativize. In the
International Symposium SIGAL '9Q pages 39{52. Springer-Verlag
Lecture Notes in Computer Sciencd50, 1990.

E. Allender, D. A. Mix Barrington, and William Hesse Uniform
circuits for division: consequences and problems. In tiRroceedings of
16th Conference on Computational Complexitypages 150{159. IEEE
Computer Society Press, Los Alamitos, CA, 2001.

E. Allender, R. Beals, and M. Ogihara. The complexjtof matrix rank
and feasible systems of linear equation&Computational Complexity
8(2):99{126, 1999.



[AO96]

[AW93]

[AFKSO00]

[AGHP92]

[AKNS99]

[AJO3D]

[ABGO0]

[ALRS92]

87

E. Allender and M. Ogihara. Relationships among PL, #, and the
determinant. Theoretical Informatics and Applications 30(1):1{21,
1996.

E. Allender and K. Wagner. Counting hierarchies: pginomial time
and constant depth circuits. Current Trends in Theoretical Computer
Science G. Rozenberg and A.Salomaa, editors, World Scienti ¢ Se&s

in Computer Science, Vol. 40, World Scienti ¢ Press, 469{43 1993.

N. Alon, E. Fischer, M. Krivelevich, and M. SzegedyE cient testing
of large graphs.Combinatorica 20:451{476, 2000.

N. Alon, O. Goldreich, J. lstad, and R. Peralta. Smple construc-
tions of almostk-wise independent random variableslournal of Ran-
dom Structures and Algorithms 3(3):289{304, 1992.

N. Alon, M. Krivelevich, I. Newman, and M. Szegedy.Regular lan-
guages are testable with a constant number of querieBroceedings of
the 40th Symposium on Foundations of Computer Sciend@45{655,
1999. Journal version: SIAM Journal on Computing, accepted for

publication.

C. Alvarez and B. Jenner. A very hard log-space counting clas$§he-
oretical Computer Science107:3{30, 1993.

A. Amir, R. Beigel, and W. Gasarch. Some connectionsetween
bounded query classes and nonuniform complexity. In thgth Struc-

ture in Complexity Theory Conferencepages 232{243, 1990.

S. Ar, R. Lipton, R. Rubinfeld, and M. Sudan. Recortsucting alge-
braic functions from mixed data. InProceedings of 33rd Symposium
on Foundations of Computer Scienggages 503{512. IEEE Computer
Society Press, Los Alamitos, CA, 1992.



[ALRS98]

[AKO2]

[BGW99]

[Bar89]

[BIO7]

[BCGT99]

[BFO0b]

[BHHVO2]

88

S. Ar, R. Lipton, R. Rubinfeld, and M. Sudan. Recornsucting al-
gebraic functions from mixed data. SIAM Journal on Computing
28(2):487{510, 1998.

V. Arvind and P. Kurur. Graph Isomorphism is in SPP. Inthe 43rd
Symposium on Foundations of Computer Sciencé43{750, 2002.

Z. Bar-Yossef, O. Goldreich, and A. Wigderson. Detsinistic Am-
pli cation of Space-Bounded Probabilistic Algorithms. InProceedings
of the 14th Conference on Computational Complexjt¥88-198, 1999.

D. Barrington. Bounded-width polynomial-size braching programs
recognize exactly those languages in NCJournal of Computer and
System Sciences38:150{164, 1989.

D. Barrington and N. Immerman. Time, hardware, and uiformity.
In L. Hemaspaandra and A. Selman, editorsComplexity Theory Re-

strospective Il pages 1{22. Springer-Verlag, 1997.

R. Beals, R. Chang, W. Gasarch, and J. Toan. On ndng the number
of graph automorphisms. Chicago Journal of Theoretical Computer
Science 1999(1), February 1999.

D. Beaver and J. Feigenbaum. Hiding instances in ntidracle queries.
In Proceedings of 7th Symposium on Theoretical Aspects of Cauntgr

Science pages 37{48. Springer-Verlagecture Notes in Computer Sci-
ence 4151990.

R. Beigel, L. Hemaspaandra, H. Hempel, and J. VogéDptimal series-
parallel trade-o s for reducing a function to its own graph.Informa-
tion and Computation 173: 123-131, 2002.



89

[BKS95] R. Beigel, M. Kummer, and F. Stephan. Approximableets. Infor-
mation and Computation 120(2):304{314, 1995.

[BFI7] R. Beigel and B. Fu. Circuits over PP and PL.Journal of Computer
and System Science$0(2):422{441, 2000.

[BCH*96] M. Bellare, D. Coppersmith, J. lstad, M. Kiwi, and M. Sudan. Lin-
earity Testing in Characteristic Two. IEEE Transactions on Informa-
tion Theory, 42(6):1781{1795, 1996.

[BOO3] A. Beygelzimer and L. Ogihara. The (non)enumerabiji of the deter-

minant and the rank. Theory of Computing Systemsto appear.

[BLR93] M. Blum, M. Luby, and R. Rubinfeld. Self-testing/carecting with
applications to numerical problems.Journal of Computer and System
Sciences47(3):549{595, 1993.

[Bol86] B. Bollokas. Combinatorics Cambridge University Press, 1986.

[BCD*89] A.Borodin, S. Cook, P. Dymond, W. Ruzzo, and M. Tompa. Twap-
plications of inductive counting for complemetation prok#ms. SIAM
Journal on Computing 18(3):559{578, 1989.

[BCP83] A.Borodin, S. Cook, and N. Pippenger. Parallel conypation for well-
endowed rings and space-bounded probabilistic machinésformation
and Control, 58:113{136, 1983.

[BvzGH82] A. Borodin, J. von zur Gathen, and J. Hopcroft. Fatsparallel matrix
and GCD computations. Information and Control, 52:241{256, 1982.

[BDHM92] G. Buntrock, C. Damm, U. Hertrampf, and C. Meinel. $ructure and
importance of Logspace-MOD classMathematical Systems Theory
25(3):223{237, 1992.



90

[CH89] J. Cai and L. Hemachandra. Enumerative counting is nd. Informa-

tion and Computation 82(1):34{44, 19809.

[CH91] J. Cai and L. Hemachandra. A note on enumerative coung. Infor-
mation Processing Letters 38(4):215{219, 1991.

[CAS99] J. Cai, P. Aduri, and D. Sivakumar. On the hardness gfermanent.
In Proceedings of STACS 99, 16th Annual Symposium on Theoreti-
cal Aspects of Computer Sciencgé.ecture Notes in Computer Science

1563:90{99, Springer, 1999.

[CS98] J. Cai and D. Sivakumar. Sparse hard sets for P: restduwn of a
conjecture of Hartmanis. Journal of Computer and System Sciences
59:280{296, 1998.

[CS00] J. Cai and D. Sivakumar. Resolution of Hartmanis' cgecture for NL-
hard sparse setsTheoretical Computer Science240:257{269, 2000.

[CSV84] A. Chandra, L. Stockmeyer, and U. Vishkin. Constandepth re-
ducibility. SIAM Journal on Computing 13(2):423{439, 1984.

[Co085] S. Cook. A taxonomy of problems with fast parallel gbrithms. In-
formation and Control, 64:2{22, 1985.

[Coo73a] S. Cook. A hierarchy for nondeterministic-time caplexity. Journal
of Computer and System Scienceg:343{353, 1973.

[Dam91] C. Damm. DET = L* ? Informatik-Preprint 8, Fachbereich Infor-
matik der Humboldt-Universiiat zu Berlin, 1991.

[DGL*99] Y. Dodis, O. Goldreich, E. Lehman, S. Raskhodnikov, D. Ro and
A. Samorodnitsky. Improved testing algorithms for monotortity. In
Proceedings of the 3rd International Workshop on Randomitzan and

Approximation Techniques in Computer Scien¢c7{108, 1999.



[dB70]

[Ebe89]

[FLO2]

[FFK94]

[Fish01]

[FKR*02]

[FLN*02]

[FNO1]

[Fra91l]

91

N. G. de Bruijn. Asymptotic methods in analysis North-Holland,
Amsterdam, 1970.

W. Eberly. Very fast parallel polynomial arithmetc. SIAM Journal
on Computing 18(5):955{976, 1989.

U. Feige and C. Lund. On the hardness of computing peanent of
random matrices. InProceedings of 24th Symposium on Theory of
Computing pages 643{654, 1992.

S. Fenner, L. Fortnow, and S. Kurtz. Gap-de nable canting classes.
Journal of Computer and System Science48(1):116{148, 1994.

E. Fischer. The art of uninformed decisions: A prier to property
testing. In the Computational Complexity Column, The Bulletin of
the European Association for Theoretical Computer Scienc@5:97{
126, 2001.

E. Fischer, G. Kindler, D. Ron, S. Safra, and A. Samorodsky. Test-
ing Juntas. In the 43rd Symposium on Foundations of Computer Sci-
ence 103{112, 2002.

E. Fischer, E. Lehman, I. Newman, S. Raskhodnikova, R. Rinfeld,
and A. Samorodnitsky. Monotonicity testing over general pset do-
mains. In Proceedings of the 34th Annual Symposium on Theory of
Computing 474{483, 2002.

E. Fischer and I. NewmanTesting of matrix properties The 33rd An-

nual ACM Symposium on the Theory of Computing, 2001, to appea

G. Frandsen. Parallel Construction of Irreduciblé®olynomials. Tech-
nical Report DAIMI-PB-358, University of Aarhus, Denmark, 1991.



[FSS84]

[GS92]

[Gil77]

[GS91]

[Gol97]

[GGL*00]

[GGRYS]

[GTO1]

[GW02]

[GP86]

92

M. Furst, J. Saxe, and M. Sipser. Parity, circuits,rad the polynomial-
time hierarchy. Mathematical Systems Theoryl7:13{27, 1984.

P. Gemmel and M. Sudan. Highly resilient correctorsif polynomials.

Information Processing Letters 43:169{174, 1992.

J. Gill. Computational complexity of probabilistic Turing machines.

SIAM Journal on Computing 6(4):675{695, 1977.

A. Goldberg and M. Sipser. Compression and rankin§lAM Journal
on Computing 20(3):525{536, 1991.

O. Goldreich,Combinatorial property testing Tech. Report TR97-056,

Electronic Colloquium on Computational Complexity, 1997.

O. Goldreich, S. Goldwasser, E. Lehman, D. Ron, and A. Samd-
nitsky. Testing monotonicity. Combinatorica, 20:301{337, 2000.

O. Goldreich, S. Goldwasser, and D. Ron. Property g8ng and
its connection to learning and approximation. Journal of the ACM,
45(4):653{750, 1998.

O. Goldreich and L. Trevisan,Three theorems regarding testing graph
properties Tech. Report TR01-010, Electronic Colloquium on Com-
putational Complexity, 2001.

O. Goldreich and A. Wigderson. Derandomization thaits rarely wrong
on advice strings that are typically good. In Proceedings dRan-
dom'02, Cambridge, MA, 2002.

L. Goldschlager and I. Parberry. On the constructionf parallel com-
puters from various bases of boolean function3heoretical Computer
Science 43:43{58, 1986.



93

[GOROO] J. Goldsmith, M. Ogihara, and J. Rothe. Tally NP setsand easy

census functions.Information and Computation, 158:29{52, 2000.

[GJH95] R. Greenlaw, H. Hoover, and W. RuzzoLimits to parallel computa-

tion. Oxford University Press, NY, 1995.

[Gup92] S. Gupta. On the closure of certain function classesder integer
division by polynomially bounded functions. Information Processing

Letters, 44(2):205{210, 1992.

[Gup95] S. Gupta. Closure properties and witness reductiodournal of Com-

puter and System Science$0(3):412{432,1995.

[HS65] J. Hartmanis and R. Stearns. On the computational cgptexity of al-
gorithms. Transaction of the American Mathematics Societyl17:285{

306, 1965.

[Ha99] J. lstad. Clique is hard to approximate within n . Acta Mathe-
matica, 182:105{142, 1999.

[Fs87] J. lastad. Computational limitations for small-depth circuits MIT

Press, Cambridge, MA, 1987.

[HOO02] L. Hemaspaandra and M. OgiharaThe Complexity Theory Compan-
ion. Springer-Verlag, 2002.

[HRO0] L. Hemachandra and S. Rudich. On the complexity of r&mg. Jour-
nal of Computer and System Scienced41:251{271, 1990.

[HTO2] L. Hemachandra and L. Torenvliet. Theory of Semi-Feasible Algo-
rithms. Springer-Verlag, 2002.

[HS66] F. C. Hennie and R. E. Stearns. Two-tape simulation afultitape tur-
ing machines. Journal of the Association for Computing Machinery

13(4):533{546, 1966.



[Hes01]

[HMUOO]

[HPVT77]

[HU79]

[Imm88]

[Jun85]

[Kalo2]

[KL8O]

[Knu98]

[Lad75]

94

W. Hesse. Division is in uniform T& In the 28th International

Colloquium on Automata, Languages and Programming001.

J. E. Hopcroft, R. Motwani, and J. D. Ullman. Introduction to Au-
tomata Theory, Languages, and ComputatiorAddison-Wesley, Read-
ing, MA, 2000.

J. Hopcroft, W. Paul, and L. Valiant. On time versus pace and
related problems.Journal of the ACM , 24(2):332{337, 1977.

J. Hopcroft and J. Ullman. Introduction to Automata Theory, Lan-

guages, and ComputationAddison-Wesley, Reading, MA, 1979.

N. Immerman. Nondeterministic space is closed undeomplementa-

tion. SIAM Journal on Computing 17:935{938, 1988.

H. Jung. On probabilistic time and space. In théroceedings of 12th
Conference on Automata, Languages and Programmingages 310{

317. Springer-Verlag_ecture Notes in Computer Science 194.985.

E. Kaltofen. Polynomial factorization, 1987{1991In I. Simon, editor,

LATIN 92, Lecture Notes in Computer Sciengeb83:294{313, 1992.

R. Karp and R. Lipton. Some connections between nondorm and
uniform complexity classes. IfProceedings of 12th Symposium on The-
ory of Computing pages 302{309. ACM Press, 1980. Final version:
Turing machines that take advice, L'enseignement Matlematique
28:191{209, 1982.

D. Knuth. The Art of Computer Programming. Seminumerical Algo-
rithms, vol. 2, Addison Wesley, 1998.

R. Ladner. The circuit value problem is log space caqiete for P.
ACM SIGACT News, 7(1):18{20, January 1975.



[LL76]

[Lan02]

[Lau83]

[LP82]

[LNO4]

[VLO1]

[Lip91]

[LovO3]

[Lyn76]

[MR95]

[MuI87]

95

R. Ladner and N. Lynch. Relativization of questions laout logspace

computability. Mathematical Systems Theory10(1):19{32, 1976.
S. Lang.Algebra. Springer-Verlag, New York, 2002.

C. Lautemann. BPP and the polynomial hierarchylnformation Pro-
cessing Letters 17:215{217, 1983.

H. Lewis and C. Papadimitriou. Symmetric space-bouled computa-
tion. Theoretical Computer Sciencel19:161{187, 1982.

R. Lidl and H. Niederreiter. Introduction to nite elds and their

applications Cambridge University Press, 1994.
J. van Lint. Introduction to coding theory Springer-Verlag, 1991.

R. Lipton. New directions in testing. In J. Feigenbam and M. Mer-
ritt, editors, Distributed Computing and Cryptographypages 191{202.
DIMACS series in Discrete Mathematics and Theoretical Comyter

Science, American Mathematical Society, 1991.

L. Lowasz. Combinatorial problems and exercise®North-Holland, 2nd
edition, 1993.

N. Lynch. Log space machines with mutiple oracle tas. Theoretical
Computer Science6(1):25{39, 1976.

R. Motwani and P. Raghavan. Randomized algorithms Cambridge
University Press, 1995.

K. Mulmuley. A fast parallel algorithm to compute the rank of a

matrix over an arbitrary eld. Combinatorica, 7:101{104, 1987.



[NN93]

[New0O]

[Nis93]

[NZ96]

[0dI95]

[0gi95]

[0gi98]

[OHO3]

[0T01]

[Pap94a]

96

J. Naor and M. Naor. Small-bias probability spaces: Eient Con-
structions and Applications. SIAM Journal on Computing 22(4):838{
856, 1993.

I. Newman,Testing of functions that have small width branching pro-
grams Proceedings of the 41st Symposium on Foundations of Com-

puter Science, 2000.

N. Nisan. On read-once vs. multiple access to randoess in logspace.
Theoretical Computer Sciencel07:135{144, 1993.

N. Nisan and D. Zuckerman. Randomness is linear in s Journal
of Computer and System Science52(1):43{52, 1996.

A. M. Odlyzko. Asymptotic enumeration methods. In R Graham,
M. Gmetschel, and L. Lowasz, editors, Handbook of Combinatorics

volume |, pages 1063{1229. MIT Press, 1995.

M. Ogihara. Polynomial-time membership comparaélsets. SIAM
Journal on Computing 24(5):1168{1181, 1995.

M. Ogihara. The PL hierarchy collapsesSIAM Journal on Comput-
ing, 27(5):1430{1437, 1998.

M. Ogiwara and L. Hemachandra. A complexity theory fofeasi-
ble closure properties. Journal of Computer and System Sciences
46(3):295{325, 1993.

M. Ogihara and T. Tantau. On the reducibility of sets nside NP to

sets with low information content. Manuscript, 2002.

C. Papadimitriou. Computational Complexity Addison-Wesley, 1994.



[PZ83]

[Pre91]

[Ron01]

[RS96]

[Ruz81]

[RST84]

[Sak96]

[STO8]

[Sau72]

97

C. Papadimitriou and S. Zachos. Two remarks on the pewof count-
ing. In Proceedings of 6th GI Conference on Theoretical Computer
Science pages 269{276. Springer-Verlagecture Notes in Computer
Science 1451983.

F. Preparata. Inverting a Vandermonde matrix in mirmum parallel

time. Information Processing Letters 38:291{294, 1991.

D. Ron. Property Testing (a tutorial). In P. Pardalcs, S. Rajasekaran,
J. Reif, J. Rolim editors, Handbook of RandomizationKluwer Aca-

demic Publishers, 2001.

R. Rubinfeld and M. Sudan. Robust characterizationsf polynomials
with applications to program testing. SIAM Journal on Computing
25(2):252{271, 1996.

W. Ruzzo. On uniform circuit complexity. Journal of Computer and
System Science22(3):365{383, 1981.

W. Ruzzo, J. Simon, and M. Tompa. Space-bounded haechies and
probabilistic computations. Journal of Computer and System Sci-
ences 28(2):216{230, 1984.

M. Saks. Randomization and Derandomization in Spa8ounded
Computation. In the 11th IEEE Structure in Complexity Theory Con-
ference 1996.

M. Santha and S. Tan. Verifying the determinant in paallel. Com-
putational Complexity 7(2):128{151, 1998.

N. Sauer. On the density of families of set3ournal of Combinatorial
Theory (A), 13:145{147, 1972.



[Sav83]

[Sav70]

[Sch83]

[SFM75]

[Sel79]

[She72]

[Shp92]

[Sim75]

[Sim81b]

98

W. Savitch. A note of relativized log spaceMathematical Systems
Theory, 16(2):229{235, 1983.

W. Savitch. Relationships between nondeterministand deterministic
tape classes.Journal of Computer and System Scienced:177{192,
1970.

U. Schening. A low and a high hierarchy in NPJournal of Computer
and System Science27:14{28, 1983.

J. Seiferas, M. Fisher, and A. Meyer. Separating ndeterministic
time complexity classes. Journal of the Association for Computing
Machinery, 25(1):146{167, 1975.

A. Selman. P-selective sets, tally languages, andetbehavior of
polynomial time reducibilities on NP. Mathematical Systems Theory
13:55{65, 1979.

S. Shelah. A combinatorial problem: Stability andrder for models
and theories in in nitary languages. Paci ¢ Journal of Mathematics,
41:247{261, 1972.

|. Shparlinski. Computational and Algorithmic Prdlems in Finite
Fields. Kluwer Academic Publishers1992.

J. Simon. On some central problems in computational complexity
PhD thesis, Cornell University, Ithaca, NY, 1975. Availabé as Cornell
Department of Computer Science Technical Report TR75-224.

J. Simon. Space-bounded probabilistic Turing mhaime complexity
classes are closed under complement. In tReoceedings of 13th Sym-

posium on Theory of Computingpages 158{167. ACM Press, 1981.



99

[Sip83b] M. Sipser. A complexity theoretic approach to rammmness. InPro-
ceedings of 15th Symposium on Theory of Computingages 330{335.
ACM Press, 1983.

[SivI9] D. Sivakumar. On membership comparable setdournal of Computer
and System Science$9(2):270{280, 1999.

[SHL65] R. Stearns, J. Hartmanis, and P. Lewis II. Hierarcbks of memory
limited computations. In Proceedings of the Sixth Annual Symposium

on Switching Circuit Theory and Logical Design179{190, 1965.

[Sto85] L. Stockmeyer. On approximation algorithms for #P.SIAM Journal
on Computing 14(4):849{861, 1985.

[Sze87] R. Szelepcsenyi. The method of forcing for nondetenistic au-
tomata. Bull. of the EATCS, 33: 96-100, 1987.

[Sud97] M. Sudan. Decoding of Reed Solomon codes beyond theore
correction bound. Journal of Complexity 13(1):180{193, 1997.

[Tod89] S. Toda. On the computational power of PP and P. In the 30th
IEEE Symposium on Foundations of Computer Scienc@ages 514{
519, 1989.

[Tod89] S. Toda. PP is as hard as the Polynomial-Time Hierang. SIAM
Journal on Computing 20(5):865{877, 1991. pages 514{519, 19809.

[Tod91] S. Toda. Counting problems computationally equivant to computing
the determinant. Technical Report CSIM 91-07, Department foCom-
puter Science, University of Electro-Communications, Tojo, Japan,
1991.

[Tor91] J. Toan. Complexity classes de ned by counting ganti ers. Journal

of the Association for Computing Machinery38(3):753{774, 1991.



100

[Val79a] L. Valiant. Completeness classes in algebra. Ingli1th ACM Sym-
posium on Theory of Computingpages 249{261, 1979.

[Val79b] L. Valiant. The complexity of computing the permarmnt. Theoretical
Computer Science8:189{201, 1979.

[Val92] L. Valiant. Why is boolean complexity theory di cul t. In M. Paterson,
editor, Boolean Function Complexity London Mathematical Society
Lecture Notes Series 169, pages 84{94. Cambridge Univerdiress,
1992.

[VV86] L. Valiant and V. V. Vazirani. NP is as easy as detectig unique
solutions. Theoretical Computer Science47(1):85{93, 1986.

[VM98] D. van Melkebeek. Deterministic and randomized bowed truth-table
reductions of P, NL, and L to sparse setsJournal of Computer and
System Sciencesh8(2):213{232, 1998.

[VCT71] V. N. Vapnik and A. Ya. Chervonenkis. On the uniform cavergence
of relative frequencies of events to their probabilitiesTheory Probab.
Appl., 16:264{280, 1971.

[Vin91] V. Vinay. Counting auxiliary pushdown automata and semi-
unbounded arithmetic circuits. In the 6th IEEE Structure in Com-

plexity Theory Conferencepages 270{284, 1991.

[vzG84] J. von zur Gathen. Parallel algorithms for algebraiproblems. SIAM

Journal on Computing 13:802{824, 1984.

[vzG86] J. von zur Gathen. Parallel arithmetic computatios. A survey. In
Proceedings, 12th International Symposium on Mathematickounda-
tions of Computer SciencelLecture Notes in Computer Science, 233:
93{112, 1986.



[vzG93]

[vzGG99]

[vzGS91]

[Wag86a]

[Wilg5]

[Zaks3]

101

J. von zur Gathen. Parallel linear algebra. In J. R&ieditor, Synthesis

of Parallel Algorithms, pages 574{615. Morgan Kaufmann, 1993.

J. von zur Gathen and J. Gerhard. Modern Computer gkebra. Cam-

bridge University Press Cambridge, 1999.

J. von zur Gathen and G. Seroussi. Boolean circuisrsus arithmetic

circuits. Information and Computation, 91:142{154, 1991.

K. Wagner. The complexity of combinatorial probles with succinct

input representation. Acta Informatica, 23:325{356, 1986.

C. Wilson. Relatizived circuit complexity. Journal of Computer and
System Sciences31(2):169{181, 1985.

S. Zak. A Turing machine time hierarchy. Theoretical Computer Sci-
ence 26(3):327{333, 1983.



