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Abstract—A mathematical model of plastic deformation of structurally inhomogeneous material with
defects of inhomogeneity-type has been developed. Principal relationships have been obtained which are
based on the results of physical investigations. The proposed model has been used as a basis for the
investigation of viscous fracture and deformation localization in pressure treatment of compact and
noncompact materials, The model has been compared with experiment both qualitatively and
quantitatively.

1. INTRODUCTION

IT s well known (see e.g. rel. [1]) that the plastic deformation of solids is accompanied by
microfractures, i.c. by appearance and accumulation of microinhomogeneities. The latter result in
loosening of material and finally may give rise to localization of deformation and macroscopic
fracture. The intensity of microfracture is substantially affected by the magnitude of the hydrostatic
component of the stress tensor. It was shown [2, 3] that the increase in hydrostatic pressure allows
one to achieve large magnitudes of deformation before fracture and to raise the resistance of the
material against the deformation localization. This effect is used in practice, in particular in
hydrostatic treatment of materials [4, 5].

The development of the hydrostatic treatment technologies should be based on the mathemati-
cal models describing microfracture of solids at deformation and taking into account the pressure
effect on this process.

An adequate description of the microfracture is possible in the framework of the continuum
concepts. In this case the consideration involves the magnitude of porosity which is the total relative
volume of microdefects. Thus the task is reduced to obtaining the kinetic equation for this value [6].

The application of the flow theory apparatus allows one to obtain the kinetic equation for
porosity on the basis of the assumption of dependence of the loading function on the hydrostatic
component of the stress tensor.

In the literature there are two groups of the physically grounded loading functions satisfying
this assumption. The first corresponds to the condition of the ultimate equilibrium of bulk
materials [7], and the second corresponds to the porous body plasticity conditions [6].

The models [7] based on the first group of loading functions do not allow one to take into
account the pressure effect on the intensity of the microdefect nucleation. Moreover, they do not
describe healing of microdefects under pressure.

The models of the second group take into account the possibility of microscopic healing.
However, to describe the loosening of a solid body at deformation the authors of refs [8, 9] had
to make an additional assumption going beyond the flow theory framework. It is connected with
the introduction of the terms describing the formation of micropores into the kinetic equation for
porosity directly omitting the loading function. This is equivalent to giving up the gradient
condition.

It is well known that this condition has no thermodynamic grounding and can be ignored.
Nevertheless, numerous papers based on this condition give evidence that in lots of cases it is in
rather good agreement with experiment. Therefore, we believe it o be interesting to describe the
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microfracture process without giving up the gradient condition by taking into account all the main
effects in the expression for the loading function. It is this attempt that is made in this paper.

2. PHYSICAL PRECONDITIONS OF THE DEFORMABLE SOLID MODEL

While constructing the physical model of a structurally inhomogeneous solid deformed under
pressure we shall be guided by the results of the physical studies presented in refs [I, 10].

First of all let us note that in view of structural inhomogeneity of the material its plastic
deformation as a whole can be realized only by means of joint coordinated deformation of its
structural elements. The latter, however, cannot, as a rule, deform in an arbitrary way (i.e. fewer
than five slip systems work). Therefore, as the material is loaded breaking of microshifts takes place
giving rise to internal microstresses. The latter are the main cause of the strain-hardening at
relatively small plastic deformations.

Microstresses cannot grow infinitely. At a certain level they relax either due to formation of
elementary micropores or to inclusion of new channels of plastic accommodation. The latter. as
a rule, are associated with the splitting of structural elements into smaller ones and their turning
around with respect to each other. The fact that the structural elements become smaller results in
growth of the forces of the internal friction-type and that is the principal mechanism of hardening
at large plastic deformation.

The above picture of the plastic deformation evolution allowed a number of authors [7, 11]
to put forward a physical model of a solid as a bulk medium whose elements are interconnected
by means of thin glueing interlayers which are highly resistant to tearing-off and weakly resistant
to shear. In the course of deformation there is relative shift and rotation of the medium elements.

On the basis of this model the authors of ref. [7] proposed the principal relationships for
description of the material loosening at deformation.

We can improve this model to extend it to the physical investigations of the hydrostatic
pressure effect on the plastic deformation mechanisms [10]. Let us assume that the structural
elements of the bulk medium cannot only shift and rotate but may also split and plastically deform,
thus adjusting themselves to each other. The ability to be accommodated is determined by the
plastic deformation mechanisms acting at this or that moment. If they provide arbitrary
deformation of the structural elements (e.g. five slip systems work), complete accommodation is
possible. Otherwise accommodation is only partial. As a result, gaps (or microinhomogeneities)
appear between the elements (if at the beginning the elements were closely adjusted to each other),
which results in loosening of the material.

If, on the other hand, the microinhomogeneities were present before the deformation, they may
disappear at certain conditions since the structural elements are able to adjust to each other.

Thus the proposed material can demonstrate both appearance and healing of microinhomo-
geneities which makes it different from the conventional models of a porous body [6, 12] where the
body carcass (matrix) is supposed to have no structure of its own and to deform as a continuum.
The latter corresponds to the limiting case where the structural elements in the above model of
a solid body can adapt to each other completely at joint plastic deformation.

Let us introduce some measure of restrictions to the joint plastic deformation of separate
structural elements and characterise it by an effective parameter. It will be shown below that « has
the meaning of the internal friction coefficient assumed in the bulk material models.

Let @ =0 in the case when complete adaptation of the elements to each other is possible. The
value of a grows with the increase of a number of restrictions to the joint plastic deformation. That
is, the less efficient are the mechanisms of plastic deformation of the structural elements, the higher
is a.

The physical investigations show [10] that the growth of hydrostatic pressure gives rise to
inclusion of new channels of plastic deformation. And there is a number of critical pressures which,
being exceeded, activate new deformation mechanisms. Thus it follows that the value of « should
decrease with the increase in pressure p. And it should be noted that at intermediate pressures (i.e.
those between the critical ones) a does not depend on p. We show below that on the basis of this
physical model the principal relationships can be derived which describe qualitatively the main
peculiarities of the plastic deformation of compact, porous and powder materials under pressure.
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3. PRINCIPAL RELATIONSHIPS OF THE MATHEMATICAL MODEL OF A SOLID

BODY
The principal relationships of the flow theory have the form [13]
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where g, and ¢, are the tensor components of stresses and rates of plastic deformation, respectively;
J is the loading function; 4 is the Lagrange factor.

Relationship (1) is the mathematical expression of the gradient condition.

Conditions (2)—(5) show that the plastic deformation takes place only when the stresses satisfy

the condition of yielding
F=0 (6)

at the time moment under consideration and the closest one to it and the stress increment vector
does not lie on the loading surface.

Condition (2) is assumed by us in an extended form to take into account the possible loss of
the material stability stated in Section | (for stable materials in condition (2) (&f/do )da, > 0, [13]).

The expression for loading function f should be chosen so as to make relationships (1) reflect
the experimentally observed effects. It can be constructed on the basis of the proposed physical
model of a solid body.

It was stated above that the proposed material differs from the conventional porous ones by
the fact that its carcass has its own structure and it can get loosened at the deformation like bulk
medium does.

It was shown [14, 15] that of all the known loading functions of isotropic porous bodies the
best agreement with experiment is given by

2 N 7
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where ¢ =1 @, 8, is the hydrostatic component of the stress tensor; T = /(g — 160, ) (o4 — $66,))
is the stress deviator intensity; € is the relative porosity; and k is the stress deviator intensity in
the porous body carcass.

Porosity functions ¢(#) and () are chosen so as to provide the limiting transition to the
von Mises yielding condition for compact material. That is, lim, ., ¢ =1, lim,,, Y = co. Their
explicit form is obtained both experimentally and theoretically. In the latter case the irreversible
change in the porous body volume is assumed to be connected with the change in the size of

separate spherical pores. It is shown [16] that
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At the experimental determination  (f) and ¢ () are set by the structure of these functions whose
parameters are obtained by the model calibration in the experiment.
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The most common is the structure of the following form:

(l - 9)2» 1
e = 1 . 9 2n—1
I‘{j 6(10’" # (P ( ) 2 (9)
where n, m and a are the parameters.
The experimental technique of determination of these parameters is given in ref. [17].
The value of k in eq. (7) characterizes the behaviour of the porous body carcass at plastic
deformation. For the ideal plastic carcass

b= i, (10)

where g, is the carcass yield stress.
For the stress-hardened carcass

k =\/20,(Iy), (11)

where o, is the deformation resistance of the carcass; I', is the accumulated plastic deformation of
the carcass determined by the following formula [16]:

——— e + i) ds, (12)
f Ja—6)
where é = é,. 0, is the first invariant of the deformation rate tensor; y = \/ (65 — 266,) (64 — 5€04))
is the intensity of the deformation rate deviator; ¢ is the time or some other parameter substituting
it.

We take into consideration the fact that the proposed material has a structurally nonuniform
carcass which in the course of deformation acts as soil medium. So, let us represent & in the form
following from the limiting equilibrium condition for this medium [7]:

fi=1—ky+ac =0, (13)

where f; is the loading function of soil medium; k, is the shear adhesion coefficient; a is the internal
friction coefficient.
In accordance with the above stated physical meaning of & we have from eq. (13)

k =ky—oo; (14)

substituting the latter relationship into (7) we obtain the expression for the loading function of the
proposed material

> t?
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Substituting eq. (13) as a loading function in eq. (1) we obtain

I (1 = 0) (kg — ao)’. (15)

¢ = . (16)

Hence it follows that the carcass of the proposed material gets loosened at shear strains. The
physical causes of this were discussed above where they were connected with the presence of the
inherent structure of the carcass and the impossibility of complete accommodation of different
structural elements to cach other. The comparison of relationship (16) with the analysis made in
Section 2 shows that internal friction coeflicient « can be chosen as a quantitative measure of
restrictions on the joint plastic deformation of different structural elements (loosening intensity is
proportional to a).

According to Section 2 the value of « should decrease with the growth of pressure p, as was
mentioned above, » being independent of P in the intervals between the critical pressures. When
the maximum critical pressure is exceeded, i.e. when the acting deformation mechanisms provide
complete accommodation of the structural elements to cach other, o = 0.



























